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A Kinds of Mathematicks, Theori 
and Practical, in a very ſhort and eaſie Me- 
E  thod, are Taught by Mr. Harris, at his Houſe 
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el think my ſelf oblig'd in Juſtice to Ro- 
commend Mr. Jobs Rowley, Mathematical In- 
ä . ſtrument maker under St. Dunſtan s Church in e 
3 Fleet. Street, to all Loverꝭ of Art and Judges of 
E Good. Work, as the Beſt. Workman 1 know, 
F E and of whom all ſorts of Mathematical Inſtru- ] 
ments may be had at Reaſonable Rates. 
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nt Geometricians, both Ancient and Mo- 
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The Third” Edition; in which. are again- many. 
FPropolſitions, A Additions and uſeful Impr | 
pe Problems being now placed every 5 25 in 
their proper Order, and the whole Accommodated 
to the ; Capacities of young DOG UeThe”” es ++, 
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MONG' N many obig ations N I 
Have conferr d apon me, 2 it i 
not the leaſt, that Tow have "=o 
ne 4 Riſe to revive my Mathematica Stu- 
lies; in which as I haue formerly ſpent ſome. | 
ime, ſo I know of no more Uſeful way of- 
mploying my leiſure Hours. 1 
And indeed; Sir, the” Diverfion and Ad- ; 
antage 1 have Lately reaped from them hath 
the Divine Bling) 1 ſupported me 
nder, and in 4 eaſure e me 
brough fach Pre fares and Difficulties as 1 g 
ama deſpurred of mn 85 
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"The Ep ile i Dillon. 


| 7 he 1 Lecture which you. at} 
py ſet ap Gratis in your Burgh, and which! 

+ . Out of an uncommon Generoſity, you did af. 
ferwards* remove into the City of London, 
i « Demonſtrative Proof bath x of your ſincere 
non to promote the good of your Coun-| 
= 2 alſo of your Capacity to do it the 5 f 
= And as I have already in a good degree, [of 
7 pe to ſee ſuch Effects 22 Noble B " 
gu, as will render your Name juſtly Honourable, 
to Poſerity 46 well as to this preſent Age, Sir N 
you know your ſelf and Me too well, to take | 
tit for Flattery. *Tis what ONS Juſtice W 
- and Grande! 0³¹ e me to ſay. * 
I ball only add, 12 I am ap ain glad of this 


unity to ſbem the Fuſt Eſteem I have 
Jour Merit, and the equal Regard [ baue 


\ . > fo Jour en, I am, 


; n, 
| Your Net Obli gel 


kante Servant | 


Jos Harv 


Fter frequent Peruſal, and mature De= © 
liberation on this Book ; judge it to 
the plaineſt, ſhorteſt, and yet eaſieſt Gem 
¶ have ever ſeen Pabliſbed: Aud there. 
el thought it very meil worth my while tolet 2M 
appear 4 third time in our own Language, as, * 
had already done twice before in the Latin © 
pugne. And tis ſo well eſteemed of; by wery 
mpetent Judges amongſt Ur, a8 tobe read is 
r Univerſities, by Tutors to their Pupils: 
4 alſoy which is not uſual with Boats x 
ws kind, there hath been two entire Impreſſſ= . 
s ſold ff in a little more than as many Tears _ 
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As to the Tranſlation ; I have by no means. 8 
7 my ſalf to follow the Frenck I 
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2 Along aimed rather to give you F. Pardies 
Senſe, than his Words; and have made him 
8 758. what I Junge he would have done, had 
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7 1 Intelligible in Englith. T have therefore "all 


note in our 77 1 have. made no 
ſcruple to add any thing th, 
to render him clear and intelligible ; and par- 
ticularly in this Third Edition I have ad- 
Ae nbith er a iar . 
Former. 8 85 
A, ile ſecond Book of: Euclide about the 
Pomer o Lines; The Menſur ation of the Sur- 
© faces, of Solids, Archimedes his Proportion of 


l Inſcribed Cone and Sphere to the Circum- 


- gular Bodies; ſeveral A 


© ſeribing Cylinder; the Figures of the 5 Re- 
| ditions and improue- 

ments in the Doctrine of Proportion: The 
Menſuration of the Fruſtrums of Pyramids 
and Cones; ſome nem Properties of a Right- 
angled Triangle, and of the Circle, &c. 1 
Have alſo, in this Edition, left out ſome more 
f Pardie's Propoſitions which on repeated ex- 
 perience in Teaching. I have found leſs uſe- 
Ful; as alſo all the Elements of plain Trigono- 
metry, which I had before added to his Ninth 

on that Subject by it ſelf ; and my" chief aim 
now hath been to lead tbe Learner into a lit- 
tle more Abſtracted and Conciſe, tho" 4 moſs 
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all uſeful and Univerſal Method of Demonſtra- — 
es iN tion; introducing now and then a little of Al. 
” | gebra, that I may thereby engage the Reader © Þ 
nA Love of, and Value for that moſt Noble 
70 and Wonderful Science: and to give him a goad 
') | Foundation to build upon; and 4 ſufficient 
'- | Riſe thereby ts carry him into Fluxions and the 
4. nem Methods of r vg and Demon - 
tration, where he will find ſufficient Satis. 
faction. Nor need he be diſcouraged at the 
attempt, for tis well known that I have 
taught ſeveral Perſons to underſtand the Ele. 
mentary Parts of all Mathematicks ſo well, 
that they have been, able to go on e- 
very where without the Aſſiſtance of any M. 
ſter, in leſs than a Tears Tim, 
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Pardie's Advice to thoſe who 
-4pould Underſtand Ges 
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1. TIP Hey aught to enure themſelves to con- 


b: ſider well the Figures, at the ſame time 
as they Read the Propaßt ion. There will be 
ſome Labour and difficulty at firſt, but they 
will break thro' it in two or three Days. 


2. They ought not to be diſcouraged, if 


they meet with ſome things which they do not 


underſtand at firſt; Geometry is not ſo eaſie 


to be attained, as Hiſtory, 


3. If. after they have Read and Conſidet ed 


attentively any Propoſition, 1 they 
don't underſtand it; let it be pa over, it 


will probably be Intelligible by reading far- 


ther, or at leaſt when they have gone over 
the whole, and have began to Read it over 


anew. There are indeed many things in Geo- 
metry, that will never be well _ 
firſt Reading over, 


rentheſis, v. gr. (3- 14). ſhew that the Matter 
there Tpoken of hath been proved elſewhere, 
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lerſtood at 
4. The Numbers which are within the ba- 


vi. 


Advice fo thoſe, & "Gr 
wiz. in this Inſtance, in the fourteenth Ar- 
ticle-of the Third Book : ought al- 
ways to mind the Number of the Article, and 
to conſult the Places referred to, that ſo they 


may Rein the —.— of what they 


Read, 

5. When: 
they Jon t un 
Table at the end of the BoO Kk. 

6. Tis good to have a Maſter at firſt, to 
Explain to them the Nature and Manner of 
the Demonſtrations : For by that means they 
will Under ſtand the thing both "much eaſier 
and much ſooner, n, 5 dan _ 455 1 
den e 
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Y the Word pennies, whichin how gens 
ral is the Subject of Geometry, we mean 
"that whereby —— g compar 
. the ſame 

may be ſaid to be Greater or Leſs chan, 
r As Hxtenſion, 3. e.! | 


ickneſs, Number, Weight, Time.” 
- in. Andall thoſe things which .e cole of 
= | > More or Lefs, avs the 


2, We defi n eb e to Por For FA 1 
Ertenen 3 45 being chat which ſerves for an Rx 
de Role vp Le all ocer Bae by, 
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Nature, 
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"bs 1 I . That Quantity v ich, being ſuppoſed without 
„any Breadth or Thickneſs is extended only in 


1 e Length, is called a Line. That which hath both 


Length and Breadth, (but is is ſuppoſec to have no 
2 Thickneſs) is called a Surface or e And 


chat which hach Length, B i 
Ez called a Bb 5 4 F ang } * CE 


or Solid 8 
4. N Poi ying 


is that, whict is doiifiters 
no manner of Dimenſions ; ; and as being Indy 

in every reſpect. The Ends or Extremities of 
Lines, as all the middle of * are Points. 


ich Are called e Crooke 
or Curved Ones: Which like a Vault, (or the Ti 10 
of -a Boat or Waggon.) are Convex above, and Con- 
cave below. 

The —_— of Lines way be eaſily conceived 
to be made by the Modon or F tion of a N as 


hich pick Ws moye a FRO the Term | 5 
C, or go the neareſt ox 97 8 0 N pol: 
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Book L: 07 e e . 
. Abr 1. nor in one or more right ar 
Ef C, ir muſt go Crooked, 20d fo 7 1M 
for Ar as ADC. 55 
| from. hence alſo tis plain, that any twuö ag 
Points moving with equal ene will i in the — „35 
ö Tie 1 equal Lines. 5 
hen two Lines meet in a Point, The Ader. ä 
| ture, js, Dj 2 5 l between them is calld — 
Ale. when the Lines. forming it are 
ET frrair: 7 * is called a Reftilineal Angle; | 
2 7525 Bur they are crooked, tis called a Curvi- 
a al Que; as B. S 
V Frooked, tis called a Mix? angles as CG. 
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4 ELEMENTS AR 
3. It muſt therefore be obſerved, chat the Quan- 
tity of Angles, is by no means Meaſured by rhe 
Lenęth of their Legs, bur by their Inclination. 
| Thus, v. gr. The Angle B is bigger than A; tho the 
Legs of the me" B, ate much ſhorter than thoſe 
of A: But then thoſe of A 
are much more inclined to each 
other, than thoſe of B. And to 
apprehend this the better, ima- 
A gine the Angle B to be put up- 
on A, as you may conceive by 
the prickr Lines about A, 
which repreſent the Legs of B lying on ir. For "is 
plain the Angle A will be eaſily contained within B; 
and that irs Legs, are much more inclined to one a- 
nother, than chose of B, and therefore it is leſs than B. 
9. An Angle is uſualiy marked by three Letters, of 
which the middlemoſt, and which always is placed 
at the Angular Point where the Lines meet, denotes 
the Angle, As in the Figure following, ö de denores 
the Angle made by the two Lines (4 a and © 4 meet- 
ing in the Point 2. 

lo. If we imagine che Line ab faſtned by irs el 
4 in the middle of the Line d e, bur yet fo as to be 
moveable on a, as on a Center: 
D If then you conceive it to be mov- 
add quite round, till it arrive at che 
place where ir began, the Point 

V Mill deſeribe a Curve Line, 
Vuluhich is uſually called a Circle ; 
ä 
oy of a Circle ; properly ſpeaking, e is the 
Space contain d property CircumferenCe, - / 5 
raging part of r is called at 
12. The Line de ( paſſing through the Lene TY 
enced by © the Circugference, is is called the Dia- 
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meter, and divides. the Circle into two equal parts. 
Alſo every right Line paſſing thro the Center a (and 
Terminated at each end by the Circumference) divides 
the Circl mn u equal Parts, and will be a Dia- 
meter. ä 
- Lola Thi Linkukarsc a e 
the Center ro the Circumference, is called the Radi- 
us OC Semi-diamerer, Aae 
14. All Radius s or Sens. diameter: (of the faneeor 
equal Circles,) are equal. 3 1 Pain from the Gage s 
N . 4 Circle given in Art. 10.) E- 
| 13. When the end bof the Radius a ö is equally 
from the two ends of keck 70% 
f That is, when en 2 
' the very middle ef che Semi- cir- 1 
+ cumference due; then will ba 
make two An es with d c that are ol... E I, : 
called Right Ones: Which are e- 4 R 
qual to one another, that is, tke . #5 
ND IL ual to hac. And. 
if che Line bein produced below | 
to e, it ſhall then wich dc) make — Right A. ; 
| gles; and it will be another Diameter; which witch 
» _—_— de will divide the Circle inco four equal, 
| 16. Then thoſe Lines are ſaid to be Perpendieu 
1 one to another, vix. ha to de, and de to be. 
8 17. But if b ze nearer 0 one Bud cf the Dan. 
ter lor Right Line) d e, than iris ro; 
- _ the other, it is then ſaid to fall on 
| the other Obliquely; and it makes 
＋ wih de tO Angles chat are Une - 


. 
ol 
* FE 1 £36: 3 


* 
; . 
- 


"RS ef 2 „ the 2 bac 

4 . called Obraſe, "4 2 ok : 5 Fr . 

1 1 EE 5 J 2 81 5 I 

" i a | bs 3 \ B : | $5, 6 Ho a ; | : D 
4 * n 5 N : f 1 

| 5 . ” 8 N 


„ 22 — r 
„ b er | 
- * * 5 X 
* 


che Angular Point) are fabrended. by equal” 


are always equal to ww os 


That one Riphr Lins falli 


„Rees wtf --. 
I che Line 45 be produced tò e; it will be a ne 
Diamecr, and will make below rwo' other Angles f 

So that in the whole there vil be 
four Angles; of which thoſe two 
that touch only in the — 
Point, as har and 4d; as alſo, 
| daband exc, an cars Verical 


poſite Ar But thoſe 

| bk mms ow to 
backs 45 dads and 5 ag, — and eue, ate ca- 
led Adj joining or Contiguom Anples: S483 tv 8 


** 18. Those 


Angles which (at eq wad) Diſtances Tom 


are alſo equal themſelves. - As if the e 
ved equal to the Ark at, ingot "Angle bat 1 
equal to dae. - A; eins 
19. The two — i e e ken 5 gen 
* FF 1% 
For as the Line de is a —— eee | 
ruts the Circle into two equal Parts, rhe Alvo Ark 
d b and bc taken together, will de equal to ai Semis 


vircle. Wherefore the two Angles 44b and ba oro 
gerher will be equal to two Right Ones, becauſe; 
they compleat 


| Ones do. (Art. 15.) A 


the whole Semi-circle, as rwo'Right 


1:26: So that this Propotition is of Univerſal Truth, 

on another, 2 Con. 

ri guet Angles (together) equal to two Ones. 

"EY the Lines are Perpy * 0 
oa 1 


—— > 


* 


| Obruſe one da io av ck yoo 
5 Angle by nh 1 205 one * 0 exceeded * 


25 


* 
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— 
ic 8 
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Den YL wo Gu ding, * 


Geometry) that if rw6 Angles which have dne 


Right Ones. For tis clear wok 
the Circle d be e, whoſe: Cibenine! 4 
Arks as there are Angles. No 


1 29 


the other Right One. So that the Smalneſs of one 
is compenſated by the Greatneſs of the other. 

21. Hence alſo, it follows Converſely, (for wvhere- 
ever the Property is found, chere the Thing Ke Fi 


Common to both, do make Angles equal to two 
Right Ones, their other Legs do make hut one Right 
Line. Let the Angles dab and bac be (together) 
equal to two Right Ones. Then I ſay, char the 
Lines da and uc do join ſo together, as to make one 
Right Line (vid. Figs i in Art. 1 5.) which is elead 
om -whar hath been ſaĩd. For if on the Center # 

u? deſcribe a Circle 46 ce, the two Arks d anͥd,H 
be will be equal ro a — becauſe the two 


g Angles 4a l and be are _ - to be equal to two 
1 


Right Ones. Wherefore nes d a and c 4 will 


make. coy e and aer be 3 into 


one e ; 

22. If from the Point 4 you 6 dab ſeveral Lines as 
46 4 f, à b, a h, ag, Sc. they will make Diverſe 
Angles.; . and all thoſe Angles taken NIN be they, | 
more or leſs, will be equal to four n 


theſe Angles together do 
ference they divide into as many 


all theſe together are equal to four 22 
Quarters of a Circle; Which is | = 
as much as td ſay, that all the 3 11 

che whole to four Right Ones; mig way. vow 


E compleat hi Circle. x) Yay. 
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AXIOM — 


| ir 20, or 3 equal Things, Jou 42a. or 92 
| ra Equals, the Sams or wha» com rok 
1 be Equ al, a ; 


13. The Venical-es x Oppatite Angles ate « 
Let there be two Right Lines d a c and bae 2 
er cutting one another in the Point a,) Tay, the An- 
N to hc. For the Ark db with the 
5 Ark b c makes a Semi- circle; and 
fo dorh-the fame Ark b4 with the 
>. Ark de, Therefore the Ark be 
muſt be equal to de; becauſe the 
Ark d 6 continues the fame, whe- 
cher it help ro compleat the Semi- 

circle with de or bc: (wherefore- 


being taken awny from both, it muſt. 
; leave the TY e e * bc. Bar if the Arks be e 


gual, the Angles ſubtended by them muſt be ſo t00; and 
. therefore the Angle dae ; equal to bac.) And by the 


1 cla N — boat | 
AA. ircumference of every Circle 1s ( 

paſed to be) divided into 36 equal Parts, which 20 
called Degrees: And every Degree into 60 Minutes, 
every Minute into 60 Seconds; every Second into 60 
Thirds, and ſo on infinitely, Ants ro determine che 
Quantity of every Angle, we compute the Degrees 
| _ 5 5 Ark, which « its Meaſure) doth contain, 
| When we ſpeak of an Angle of 90 Deg we 
a. a Right Angle; becauſe the Ri hr A Angle con- 
_ -tains the fourth Part of the whole eas. oa 


eee the fourth Parr of 366. So an n 


bee) 60 Deg.as an Angle chat contains * 7 5 
of a t One, ng] 


— 


» 1. « 
7 
* | 
1 5 
2 W—_ 


1 and c to 4; * the 


© 
1 
* 
* N 
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[1143+ (Degrees art marked either with D Degr. or wſhally 


| with « ſmall Cypher over the lah Fg e, as 60%) Mic | 


gutes with a ſmall- Line, as 30“, s wirh'rwo 
ſuch, as 30% Thirds with three ſuch, as 25%, Se. 
So that 25 32! 43% is ro be read, 25 Degrees, 32 
Minutes, 43 Seconds. 

26. Iwo Lines are aid to bb Parallel, when chey 
tun always equi-diftant from 
each other. 2 — * 
Lines ab and ed are Parallel, 
if they are ec qually diſtan from 
each other in ae; in BD, in; 4 — 
d, and in all other Places. 


27. This Diſtance is — Nieafured by a Per 5 


pendicular; as if from the Point à you ima 
Line ar to fall P icular to e d; as al 


ae 


Line bd on the ſame Line; we naturally — 


rhat if thoſe rwo Perpendiculars are of the ſame 
Lengrh, or equal; the two Lines, ab and ed are e- 
qually diſtant from each other in thoſe two N 
Which! is ſelf-evident and needs no Proof. 

28. Two Parallel Lines being continued infinitely, | 


| yer can never meet. For being always equally di- 


ſtant, there may any where be drawn between them 


a Perpendicular n ba, and. iN 59 


Fg > 


M they can never meet. Ne 


wo Parallel Lines, have: 5 ame aa. 


ok Nos us rhe hag ed MLM] 


te 
. FL 
7 N „ "> > 
* N - * 1181 2 1 >» 2X 
"_ A " ; q n 
any right Line that croſ . * 
* ay 1 a " Y * 1 7 
4 AL * Ng 3 * 


ſes them both. | 
That is, che Angle =» © 
88 will alway s be equal ro 


3 Interſecting Line being 
WED inflexible, as 
Caſe of all Ma- 


NW ” 


k Line, i ena bend w or ben ove. 
Parallel 


—Y 


© 4 4 
PF . 


% ELEMENTS 1 
8 chan it eee. — 
neither of theſe Lines can alter iis Poſition in reſpect 
of che Croſſing Line, fot then the Paralleliſm would 
be deſtroyed, whith Contradicts hay is} vey 50. 


47 2 3 257 MET; 157-7 . 
And this 6 15 the fot Property + Purilla. Lian. 
| * 7 76 . $15% $09 061011316 294: 1 4 vi AS 


30. Whenever a RigheLine cits. wo Parallels, it 
Wr Angles: Of which; four 4.4; 
He 7 are Externai; and the other fou 

c. d. e. fi are ——— The Angles 
c and F, as alſo d and e, are | 
Alternate. The Angles e and a, as 
— — are called the Internal 
te on the ſame ſide. And the 
| dc and e, are called che Huter. 
A 4 a0 ad, {0 2 14 
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A, * 3 6 Me . Maut, 
ms 121 10 4 . are- apa 50 on. 
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31. The PS Won, Angles c $= 7, muſt — equal; 
as alſo e and d, fot c is equal to che Vertical Angle 15 
and b is equal to the Internal one f, by the laſt Prop. 
Wherefore c and F being both equal to b, muſt be e- 
qual ta one another. EY 
The e 8 . of and 4 e, 


A Silz 


Fo erage als 


ew ed 


3 
ha 
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qual to c by 31) and e and A 
(by 200 


\ qual to two Right Ones.) 


Type; as thar, if a Line cur two other 
5 ma k 


mn 
32, Whit a Line falls of! rwo-Pajaties Onery it 


makes the Internal Angles on the fis fide equal 26; 


rwo Fagat Mae. 8 d .I n 324k... 
I ay, the Angle 4 withf, is e], 15/151” 91 
to two Niglit Ones: Becauſe is Y , 


| tg 


x 


ual to cwo Night 

hereſbre F and d ropenrs ie? 

2 miſt 8 n . 
nes, which was to płov 4 | p 

'-(The-ſume way may c und Et088%þcr/be ptoont tquell.10 

two Right One,; fore m d'vaken\ rogerb#ht are fd . 

20) bu d wequat' we (310 Thekdfore dad e ur 


er are 


5 


33. One Propoſition, is called the Converſe of a- 
nother; when after a Conclufion is drawn from 


ſomething Suppoſed, in the Converſe Propoſition that 


Concluſion is Suppoſed ; and then that which was in 
the other Suppoſed, is now drawn as a Concluſion 


are Parallel, (and another Croſs them,) the Angles l 


and F together, are equal :o two Right Ones: Where 


ve. ſuppoſe the. Lings to be Parallel, and from theneg; 
ae 


conclu 


de thoſe Angles muſt be equal ro rwo Right 
Ones: But the Converſe is thus, If the Internal An- 


gles on the ſame fide, d and f together, are equal to 


two Right Ones; Then thoſe Lines are Parallel: 
Where after we have ſuppoſed the Angles equal to 
two Right Ones, we. conclude the Lines ate to be 


Parallel. 


34. Converſe Propoſitions in this Caſe fe very 
Lines, and 

e Alternate Angles equal; Thoſe two Lines 

are Parallel : Which I defire the Reader to remem- 


> , 4 
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233. I roo Lines are Parallel ma third Line, der 
are ſo to one another. 
| Let the Line 4b be Parallel to c d; . 
len I ſay, 4 b is Pa- 
N rallel ro ef: For if you draw a Line 
4 2 as b Af cutting them all Three; che 
; will be ba has of ge 
— the ſame. will be equal to f (by 
> A 21) ,) becauſe ef is alſo Parallel to t d. 
erefore the Angle þ muſt be equal 
to F Becauſe by Axiom 2, if two things. are equal 
to a third, they are ſo to one anot ber. But if the Angle 
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which Ter- 
minate it, are all Right Ones, tis cal- 
led a Recctilineal (or Right 


Lined) Fi- 
gure: If they 


are Crooked, tis cal- 


Are 
us cla 


partly 
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Mixt 


Right 


F- 


* * 


which are Plane Sur- 


which have three 


Dimenſions. But we ſſ here of Plane Sur- 
faces, or Plane 8 IR 
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3. All the Lines which encompaſs any Fi 

ken together, make that which is called rhe cum 
or the of the Figure. 
. alt Curvilineal or Plane Figüres, in 


2 Geome * ee properly only the 


part o 
Ne anq on the! ot 


5 - Of Rectilineal Figures, the moſt Simple are 
Triangles, which . are Terminated by: three Righr 
Lines (and no more) making as many I. gles, 


Ie, 2 ne jo 
7 fe of i e Angle, 


the Ve 
> > En pap wich a Motion always 
Paarallel to its ſelf, fo that the Poirt A ſhall always 
der ir or couch the Line AE, until it come to be 
N all of it within the 


ere on one fide 


A . - b . \ #575 that 1 18, till 2 


nei 7 
9 8 LP 4b | Situation. EF: that 
en eee Line ſhall in its Mo- 


_ Ts 1 the Line AD, 


de Tri le E AF 
- within gi Leg 


s of 


4 . | bn 

- * 1 . 2 . # £5 
2 0 * 0 TILL 
LLC 'V : 
s ' +6 Ar; a7. , g 
» - - = * . 
— 6 & — as alſo 

— : 


to ix 


by one or mare ight 


» tion continually cut 
Nat length Meſcribe - 


1 or 


* men the ener fide of dg i e 


Parrs of which latter Triangle ſhall continually De- 


irs whole lengch the Quadrilateral Figure ADAUT | 
Which will be divided into * el Parts wa 
3 1 Live Rn 


" 
- * 
12 | | * * 
. * * Fe N 


creaſe, as thoſe of the former A E F, do cominually - 
Increaſe. . Kd de Line IB ſhall allo Ke withy® © 
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1 Ob called 7 
8 e, cis an 
5 qngled One, as b; e 


Angles are Acute, tis 


| 75 . bn e ne / 


ple are confi dere 


any ge wry nn — be called the 145 s Le. N 
any. one ſide may be called the Haſe, (tho' we uſually 
4nd maſt properly fail that-ſa; which lies Paralei ta the 


- Horizon, and which; i next ia un. 
9. In every Triangle, 
r, are equal to two Right ones. 


Ler the Triangle be a be I lay, chat t „ 
| added to the; Angle c, added to the An 8 > 


* For 


Sum 7 5 oy are qual to two 


| Fete leb te che B 
cqhoſe two W ines be cut by rhe Line be; and 


| _ conſequently the Alternate Angle e and d will | 
| 4 89 other (by z. 310 Mereover bmg 
Lie 52 f Fon, or cutting the fame,vParallals: 7. 
. Fa: y ill rake the wo 13 W 8 
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che three Angles taken 19; 5 | 


. 5 a : 
*® 1 f "EAT. mg 4 
_ +5 8 8 ed 1 g 

Nn r, err 


4 x 2 MT" 
WE „ 


004 gene 5p 7D 


| | arte e and b by (1, 20.) e 


eee eee N 8 
ed 10's be are equal to two Righr Angles by 1, 
COWS. | But the Angle 4 be contains 


the two Angles 6 and d. So that 


FL _ the Angle « added to h added to d © 
will be equal to two Right ones. 
But c being equal to d, ir will fol- 
low that a added to“ added to c, 


odor che Sum of all three together, 
mult be equal to rwo Night ones; Which was to 


be Proved. 
10. If any fide of a Triangle be produced, or 
drawn out, the external Angle | 
will be to the two Inter · 
nal te Angles, (taken to- 
ger ber.) Let the Triangle be 
a be, whoſe Baſe ch draw out 
to d, by which means a New 
| Angle as e will be made, which 
Heile the External Angle of that Triangle. Then 
I ſay, chat That External Angle e, is equal to both 
„ ee cant 
| or thoſe es a and c with b are 

to two Right ones (by 33 ſo alſo 


be equal to 
4 added to c, becauſe together with þ eee 
— as they do. QE.D, Is 
"COROLLARIES 

* „ The Sum o ue three Aglvef ae 
N * 5 

1 fy) dg Trig cn hr haye dre me ie wh 9 

_ Ra 2 2 
2 TIT 8 A : . 5 
. 8 * 


20 
OO TT TIT CDT LPR 


by 3 on one o "he LIP: * e DG, 


4b e to be placed 


| P r will i; 
4 $4» 01 pg C ; 77 a fall on. 
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» 0 J . ba 
983 g 3 7 | 
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. 161 in any Triangle one Angle be Righe, thy 
other two muſt be Acute. | 45 


7 in any Triangle there be one Angle . 10 4 
both the orhers, thar muſt be a Right One. 


Jo If you know rhe Degrees of one e Angle i in 3 "Wo 
Triangle, you know the Sum of the other two; for 


tis what js wanting of 180%, and if the Sum of any Wo 


be known, the Conn of the Remaiadder! is known, 


« Hence if rwo Triangles have any rwo Angles 4 


| reſpectively equal to one e the N An- 
gles muſt alſo be e equal... 105 


7. The Angle of an Equilateral wa. is 4 4 


rwo Right Aula A of 905 x pars Angle, "_— 


to 60®, 


8. Hence tis very . to Triſeck a \ Right * e 4.5 
angle. 


11. If a Kala ABC FOIL rwo Sides, 125 =o 
AC, equal to two others ab and ag in qpother The 
angle, and if alſo the Angle A be e- 5 


qua ual to a, I ſay, the. third Side BC Long 
all be equal to be; the Angle e- 9285 
qual to b, e &; and the d 


whole Triangle AB Coe. 
For if we imagine the Trang le 5 N 
paces upon ABC, Þrhax — 

rhe fide 4 {ball ke exactly. go s e- — 4 
qual AB: Then muſt the fide 4c bal on in fam al 
AC, becauſe the Angle is equal ro A, and fo the 


| and b upon B, and che whole 
* FF 5 a * 4 Es 3 . : - s 

Fa r . 

& OS Mg . 


# 


x + 
* "IS - a dh 
n 


RFK —_ 
3 © \ A 


Y ” 0 * x Me 
, — . 3 7 * 
4 4.85 
de . 
* * 4 
» — 
* 1 - . 1 3 | 
- — 5 8 5 P 
2 33 8 
. * * OT _—_ : 
, Lo, 
F * 7 r 
1 i = 2 4 1 
| — yo. 
1 - >= 
: = 
f 1 — 3 
* 5 ry 5 — * p e * 2 * 
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Triangle a bc on che Triangle ABC; Lak all 
things ſo exactly anſwer, that nothing of the 2 


Triangle can fall beſides the Under one. 
12. Figures which do thus meer, fir, or anſwer to 


22 
4 1 % 
* * 


each other exactly, when they are placed one upon 


ſibi Congruunt. 


the other are called Congruous . Quia mutuo 


And — the third Axiom is, Que ſibi mutuo 


Congruunt ſunt Æqualia; i. e. Thoſe Figures which 


placed one upon another, do anſwer ro, and cover 


one another exactly are equal. 
13. It is alſo true, Thar, if a Triangle hath all 


its three Sides equal ro the three Sides of another 


2 all the Angles alſo in one, ſhall be 


to thoſe in the other: And all the Space 


and BC to be: I ſay, chat the Angle 
A ſhall be equal to a, B to h, and C to 


c; and the Shale Triangle A BC, oY : 


4 Bis this needs no other Proof. 


14. If the Angle A be equal to a, the Ang le BO 


which one Triangle contains, ſhall be 
equal to that contained in the other: 
As if AB be equal to ab, AC to ac, 


5 and the Side AB to « b: Then ſhall rhe Side AC 1 | 


be always equal to ac, B C to be; and the Whole 


Triangle A B C to abc: Which is eaſie ro Prove, by 
the. precedent Propoſitions. 


15. In every Iſoſceles Triangle, ths Adgles ale 


Baſs, oppoſite to the equal Legs, ate equal. 
Let the Triangle be g he whoſe Legs 


Baſe b c divided into two equal Parts 
in the Point d, then will the Tie oy 


| 4 45 and ac are equal: 1 fay, the wy 
oy bis alſo equal to c. For i imagine che 2 


264 and d de, which will fave. 
e 


. 
KL 
in to * le 1 ot 2 5 
: r 2 
5 4b ; 
> w—_ - ” ; 4 a - N 4 
7 * * of * 9 9 8 4 * & * * * * 87 . : « * 9 * 
% | * 1 8 * N . 
* k - - n * : 4, 1 2 13 Wn *L = 4 4 Lon "2 
1 id F 2 a a r 4 nd the TIS TE 
* * A * e a ' 8 2 2 4 * > . * "4 wah Mt; . n * Ox © g 


1 1272 (which ler be drawn) make of the whale, | 
3 a . al 


4b e gr Son the 8 
Qual to de, and 4 d is common to both. Whete- 
| pre (by. 2. 13-) the whole Triangle bad is equal to 
d a c, and the Angle'b is equal to cz which was to be 


ved. 8 
1 6. In an Iſceles e if a Line drawn from 
khe Angle at the top do (Biſſect or) divide the Baſe 
into two equal Parts, it is both Perpendicular to the a 
| Baſe, and alſo Biflects the Angle ax rhe top into t]õuuauj ed 
equal Parts. For (vid. Fig. 1 ey e sdp \_} 
is equal to the Angle ad (by the laſt) canſe= © 
ently they muſt be both Right Ones; and there. 
10 the Line « d is perpendicular to the Baſe 4e „% 
18) and che Angle da c n & 42 
the laſt Prop.) | E 
17. In every Triangle the Greater fide'is ways 
te to, or 1 — Angle. 8 
n the Triangle 4 bh c, let the fide bel kee nr x! 
king then I ſay, rhe Angle bac, ſubtended by t : 
Greater Side he is bigger than rhe Angle c, which -- 
is ſubtended by che lefſer Side. . b4 he rake 
. 
0 23 3 0 Sr. 1 
4d will be equal ro bda 1 
15.) But the Angle ca b is big- 
ger than bad; (The whole being | 
greater than the Part) and therefore 
mult be bigger than bd (which 1j equal to bad), 7 = Ol 
Now the Angle adb is an External Angle in re> © 
2 ſpe& of the File Triangle ad c; and therefore muſt 
be bigger than the Internal one c (by 2. 10.) Where, 
fore the Angle b ac being bigger than d, muſt cer: 
n eee Proyed. | 


3 * 
5 CP I 


- 
_ 2 7 8 . | 
= tl N , £ . 
2 . » , 5 A © x ts . 
n + * Pg 0 * - 
* 8 =, 6 0 * K i 
8 % * 9 . 0 þ 25 
N 4 * 1 . 
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13. Ot all Lines chat can be drawn from a Point 
given to a Line given, the Shorteſt is the Perpendi- 
cular ; and they are all Longer, according as they 
8 are farther diſtant from it. Let the 

Is given Line be à d, and the Point 


. . 


ven b; ;lerb a be perpendicular to 
"MV - Jer alſobc and b d be drawn. I 
ay, chat b aisthe ſhorteſt Line that 
can poſſibly be drawn from; and 
(for nflance)s ſhorter than 0 o (or any other that can be 


A ) : and I ſay alſo, that bd is longer than hc. 
or in the Triangle bac, the Angle à is a Right 


One, and conſequently, bigger chan either of the o- 


ther; becauſe they muſt neceſſarily be both  Acfite. 


i — Cor. 3. of ang 10.) Therefore x Side bc is lon- 


than b (2. V) as Subrending a greater Angle. 

Bo inthe Tian ed be, the Angle 4c b is Ob- 

tuſe, becauſe the Angle bc a is Acute: And conſe- 

quently rhe Side db prank we than cb, bs 
n a greater Angle (2. 17.) 

19. In every Triangle any two Sides taken to- 

fi: are longer than the Third; becauſe a Right 

is the _— Diſtance berween n cwo⁰ o en. 


18. 


4 
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PROBLEM 15 


Os. 4 Line given a d, to male an ll 
4441 given one Z. 


Place hy Compaties i in c the Vertex of: the given 


| Angle, and deſcribe the Ark Rr; then MER them 
e at the ſame diſtance, 
ſer one Foot in a, one 
* end of the given Line, 
& and withthe orher de- E 
e. ſcribe the Ark o hd; 
* ſer Rr from 4t0 b; ah 
b. And draw ab, ſo ſhall og 
b- the Angle bad or B 
e- be equal to Z. 
b- For the Logs of 
| each are Radii of e- 
o- qual Circles, and the 
he Line bd was taken equal to Ke * the whole | 
Ns. Triangles e R and «bd muſt be equal {by HI 5 


1 — the Angle à equal to c. 


ro A U . 9 


Home the Practice 9 " making « all forts of Triangles, ” 
Equilateral, oeelar; or wit any DO wk 
e S100, will FOE rear 


7 * 5 " - N 5 p ( | * x. / £ : ory | - 1. p | 
2d CLEMENTS: 
E x - PROBLEM, III. 


A Ris ht Line, as P, being given, to draw 


"hp a, 4 Point given, the Line 2 a, Pa- 
rallel to it. 


f 


vo 6, draw any Line, as X X. makiny any 
Angle, as 6, with the 
X given Line: Then make 
| rhe Angle ZaX to b, 
and Z a ſhall be the Pa- 
rallel ſoughr.- _ 
For the Alternate An- 
gles 4 and b are equal by 
Conſtruction ; here- 
fore Z a is Parallel to Ph 


+ bby 1.319 e 
Pee. PROBLEM: IV. 


kee, Divide 4 given Line c b inte _ 
eu! Parts in the Point a. GE "= 


. 
© — 


1 | Opeath cant, 10 e kan f the length or | 
3 | b acc, and Wirk chat diſtance make at 

= each end of bac, two pairs. of inter- 
ſecking Arks, as at e and d: Then 

| drawing the Line e d, it will Nie 

the given Line in 2. | 

For the Triangles bed and i +eare 

eons (by 2.13.) Wherefore the Angle 

: 3 = 0 465 gles 

4 will be equal alſo 1 2˙ 

0 eke abt to ac. c. Q. E. D 
PRO B. 
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- 


By much the ſame Method may a Perpendicular, x ad, 
be raiſed inthe middle of any given Line, or one max 
be let fall from the Point e or d, to the given Line 
a be, And the Demonſtration is the ſame in all. 


And after the ſame way of Practice may the 7 


- * 
9 
* ws 


| If ſetting one Foot of the Compaſſes in d, you rake © 
d h equal ro dc: And then ſetting the Compaſſes in 12 
b and c, ſtrike rhe Arks Interfecting each | ines * 
So ſhall de biſſect the Angle required. 
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& Quadrilateral Figures * 
=” I Polygons. | 


(HOSE Figures, whoſe Sides ate RY | 
Right Lines, and thoſe making four 


| Angles, are called Quadrilateral or 
four-ſided Figures. 


_ 2. When the oppoſite Sides are Pa- 
„ Trallel, rhe Quadrilateral Figure 1 is called 

E a Parallelogram as a; but if not, tis cal 
led a Trapez iu as B. 


"3; When the Parallelogram hath all its four Ang les 
Right, tis called a Rectangled Parallels. | 

a fl gram; or for brevity's ſake a Rectangle as c 
ee Fry —_ Angles are right, wC_ Sides 


ä — . AR WO >a - * 
n r 1 
5 — 
„ r - 2 


ene | 88 


* 

_ — nets — 

1 

. O * 
* 

= 
oy 

4 =” 


— ; 85 = * * * 
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. If a Parallelogram hath all its Sides alba 16 
As hgles qurqual, then tis called a Nom. 2 
bu, as e. 


"HA. Parallelo ogram hath neither i its 
Angles nor ſides + tis called a f—— 
Rhomboides, as 2. LEON 
The Generation of all Parallelogramick Fignes EE 
will bien 9 ad, 1 
3 ou ſuppoſe rhe Deſeri- 
| Jan 4886 be carried 
N 7 along the Di- 
rigent A D, in a Poſition 
always Parallel to ir ſelf . | 8 
in its firſt Situation. For _ —_ md Wo. 8 
es. if the Angle A which .- 1 E F- 
| Deſcribenr makes 4 27725 
ok the Dirigent, be a ik Otis 1 A B bac coy 
to AD: The Figure produced will be à Square. If 
A C be longer or ſhorter than AD, the Figure will 1 
be an Oblong, or a Rectangle. lf 
If the Angle at A be Obli que, ea a Parallels. | 
gram. at large will be Deſcribed: Which when rhe 
Deſcribent is 2 5 to the Dirigent, the Figure will 5 
be a 1 1 cng? to ir, a N ty 


Min 


ur | . 

- "COROLLARIES. 

* e 
3 Hence * tis natural to ſuppoſe, chat Ra Lich UW. 

A moving thro” the lame ot equal 5 825 will deen | 

ed equal , | 


36 Equal 9 1 6 60 e or Sd Moxichs 
i. e, being neither Accelerated nor Retarded) in e- 
2 ual Times, will deſcribe equal Surfaces : And if 
00 5 rhus deferibe 3 urfaces,” ir muſt bei W 5 


qual Times. 
III. Hence : | 


rr ũůnne . . ²⁵—:ẽꝙV: . •¹!p . oo 
4 — — — 2 — — = wouy _ R - 
7 - 8 . * - 2 „ ,» # E y 
N - = 1 »* 
* 


6 — 
N 


— the e A, and the equal I 


Wing q * * Line a in a a given 1 ime de- 


the ſame Time deſcribe 
the Oblique Parallelo- 

am B or C, whoſe 
F adicular Altitude 
e ſame with thar 
ay A: Thee Parallelo- 
grams will be all three 


the Line 6 hath, 


E= rhe Oblique Motion, «ff 
ir or left Hand, 


whereby tis carried, either to the ri 
isſby no means contrary to the di 
ward; and conſequently, the Line 5h; will move the 
ſame Perpendicular Diſtance in the ſame time, with 
an equable Motion, whether the latter FOND. be 
impreſſed upon it or not. Whereſore „% 


IV. An Parallelogramick Figures, with equal Baſes 
and equal We ne Ae muſt be * 


1 * 6. . In every Paralle the oppoſite Anglesare = 
5 1 ＋ P elogram! ** 


ä 124 the Angle o, is equal to e; . 
the Angle ois equal to the Alternate 


one b {1. 319 and the Exyernal one 6 
is equal to the Internal one e (¹. 31.0% 
= equal to ce. 

8 7. Aline as 46 drawn actofs the 


* 


* * Figure from Angle to Angle, is cal- 
A c led the Diagonal, ad by y foie, che 
| N . 


Fs, Every Parallelogram is divided into two l 
Parts by the Diagonal. The Diagonal b 4 divides he 
Parallelogram 9 c, into the two equal Triangles % 


roo od hi. 1. . e a 2" 


ine b in 


one to another. 


Motion down- 


3 


1 
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2. The Angle vb4d is equal toc db (1. 31.) 01 POE 
the fide bd. is common to both theſe Triangles, F 
wherefore che Triangle obd is equal ro 946: (N 
2. 1 
b 5. 1 every Parallelogram, the oppoſir Sides are 
always „ | 

For, (drawing the Diagonial 4b) the whole Trian- 
gle do b will be equal to the Triangle be d, by the 
foregoing Prop. And conſequently, N ſide c d muſt 
be equal ro oh, and the Side o d to bb. 
10. Two Diagonals 40 and bd do biſſect each 6- 
ther in the middle at e. 
For in the two Triangles e bes, the ſide 2 
is equal to be (3. 9.) The Angle e ad is g's a 
41. 31.) and moreover the (Vertical Nen 
Angles aed and ceb are equal alſo 
(1. 23.) Wherefore the whole Triangle | 
aed n ReſpeRtively equal to the Trian- | d 
le bec (2. 140 Abd conſequently, - 7. 188 
the fide de is equal to e h, and the fide ae . 3 
ec, The two Diagonals therefore biſſect each other 
in the middle. Q. +. D. — 
11. Every Right Line, as f g, paſſin through 1 
middle of a Diagonal, divides the Paral clo intro 
two Equal Parts. 9 
T0 demonſtrate which, the Trjpicium or tele = 
Quadrilaterat Figure fg 4 muſt be proved equal to 
| the Trapexium g e b. nd that is thus done. 1. The 
Triangle 6 e , is equal to the Triangle * For che 5 
ae ee es f by the Suppe. ö NY 
tion; and the Angle eb is equal to 
ep 4 fi. 31.) and the oppoſite Angles 
ate are equal, wherfors the Triangle 8 3 
bis equal toe d rah %Và0VC0( Þ 
eat Triangle a 14 per de to de 3. Fi wheteſog 8 
from the Triangle ab you take away rhe little Trl + 
* Fe eb, and intend of We e 1 


*** 
* 


3 


TW ELEMENTS. 


' (which e 422 to fe b) you will have che 3 
Tad g, which will be e qual to the Triangle a d-b': 
hat is, to juſt one half of the whole em: 
13. 8) which was to be proved. 
2. If in the Diagonal d b you take a point as e, 
and thro ir draw two Lines h i and F g Parallel to the 
try two Sides of the Parallelogram; it 
will be divided by chem into four 
* leſſer Parallelograms, i. e. fi, hgi 
(which two are called the Parallelo- 
gramt about the Diameter) and a e, 
W ec: which other two are called 
the Com ts. And thoſe two Complements with 
| Either ofthe Parallelograms about the Diameter make 
a Figure that is called a Gnomon. As you ſee in the 
| Ligure ; where the Gnomon is ikinguiſhedby being 
| d 


13. In every Parallelogram the Complements are 
Wy "We een. that g ais equal. tO e e. 


| DEMONSTRATION. 


" The whole e 20d is ec ual ro hs whole 
4485 1 And the little Triangle e f b is (for the 
ſame Reaſon) equal to eh i. And 
the Triangle he d is alſo (by the 
: ſame) equal to e dg. Wherefore 
== if from che two equal . Triangles 
==: abd and hd C we take away equal 
viz. if from one we take a- 
way 51 1 dhe, and from the other eb 5 and eg d, 
There will remain on one ſide the Parallelogram e 4, 
equal to the Parallelogram e e which. remains on the | 
other: which was to be proved. 0 
11. Parallelograms reds the fans Baſe, and be IN 
Dy W ow n are OW 7 E730 


1 5 - 
- * 
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* Ler there be a Parallelogram h c, and e 

both on the ſame Baſe 4 b; and ler the | e | 
Line c d when produced, be ſu poſed to 
paſs by e; So chat the two aralicho-: 
; — ſhall be between the ſame Paral- 4 

els, and Terminated by them ; that is, 5 . 
between the wo Parallels c F and ab. I 4 then ; 
that the Parallelogram eb is equal ro af. . 
For c is equal to b d, and a e equal bf, wa 
_ eauſe oppoſire ſides of Parallelo grams, and the An- 
gles at c and d equal (by 29. 1.) wherefore the Tri- 
angle c eis equal to the Triangle 4 b f. Now if from 
each of theſe equal Triangles be taken the little Tri- 
angle 2 oe, and to the remainders be added the Tri- 
angle a 0 b, the Parallelogram 4 4 will be equal to the 
Parallelogram af. Q. E. D. 

15. Parallelograms on equal Baſes ab and g b. and 

between the ſame Parallels a þ and cy, are equal. 
For if we imagine the third Parallelogram fa to 
be drawn; that ſhall be equal to the r 
ad, becauſe on the ſame Baſe ab 
with i it, and between the ſame Paral , 4 e 
lel Lines a h and cf, And that Pa- | + 1 
rallelogram will alſo be equal to eh; ETL. 
| becauſe it hath the Gags Baſe ef with 
it (it matters not whether you reckon hh 
rhe Baſe above or below) and ir is e r e 
Parallels. Therefore he and b c being 


qual to the third . 4770 7 a, muſt be . ; 


| qual to each other. - . 
16. Triangle: on the ſame Baſe a , and 12 be⸗ 5 
teen the ſame Parallels c f and a % 
are always equal. gez 
The Triangle 4 bets dl a bi Js 
 Becauſeifyouimagine aLine hd drawn; -« | 
Parallel toa e, and another as bf drawn 
5 ae e OO ENns er 
; E „5 W.+$ Poke Sf kc 2 


2 3 


** 1 * 4 

* 

n * _ 
a_ * fy > +4: 


rigent be equal to it,) and a Rectantzle if it be une: 
qual. Which or Rect; 


„ ELEMENTS KY >| 


ac db and ae f; which being on the ſame Baſe and 
between the ſame Parallels will be equal ro one ano- 


der (3. 14). 


© But the Triangle a b c is the half of the Parallelo- 


gram acd b, and the Triangle a b e is the halfof the 


arallelogram aefb (3,8); wherefore, { ſince the 

wholes are equal, the halves muſt) and er 
the Triangle ac b is equal to the Triangle à e b. 

17. Triangles on equal Baſes, and berween the 


2 fame. Parallels, are alſo equal 3 as is very eaſie 19 
prove from (3. 15). 


18. If a Triangle a e b have the ſame Baſe with-; 4 
Parallelogram, and be 


45 1. 8 A alſo between the ſame 


Parallels, it ſhall be juſt 

the half of that Paralle- 

r logram. For it will ſtill 
ee be equal to abc which 

NAT ; | NJ, z juſt half (3.8) of 
280 | i abed. 


The Menſuration of 


all Squares, Rectan 3 Parallelogtams, and Trian- 


= £4508 be underſtood from what hath been delive- 

red 2 4 0 nope ws I 

1. That t cribem | 

A a2 * c or AC, before its motion, be 

— 12888 divided into any determinate, 

5 Number of equal Parts; and © 
| „the Dirigent (now ſuppoſed to 

5 | E Rand ar Right Angles with, it) 

ance | into the ſame or anyother Num- 


» 


ber of ſuch Parts; "or then e = 


Ks of the Deſcribent Line, thus markt out by. 5 : 
Points into Unites will deſeribe a Square (if che i- 


ple "will be divide . 


4 — 12 
2 1 N 5 * 
* 5 


the Product of the Number of * eie 
arts in one Line, multiplyed by thoſe 1 in the other. 
That is ABA multiplyed by AD produces 163 
che Square of 4. And A C. 6. ad ed by AD 4 
produces 24; che Rectangle under AC and AD, 
So that what is a Produ in Numbers or in Arich⸗ 
metick; in Lines, or in Geometry, is called a Rect- 
angle. And therefore you will find the Latine Wri- | 
ters of Geometry, when A C is to be multiplied by 
AD not ſaying Multiplica, but Duc A C in AB. 
Tbar! is, carry the Line AC along the Dirigent AD, 
in a Normal Poſition to it, till it come to end, and 
then it will Form the Rectangle AF = 24 -where 


the Area of a Square is found b muliplyin the 
fide AB into urs ſelf. 5 1. ah 2 


The Area of any N as A F, is found by 
muktplyingrhe Side AC | 


And Bag Rectan- e | 

„ Nip 1 
| - of the ſame Altitude with . 

2 Prallelogram is N 8 . b ee 
to it; to find the Area of 1 814 0 
any Parallelogram as A B you muſt Gy wh Side 
| AC bya popendiceles as 8 le fall ffony the other 
Side toit | 
And ſince every right-lined Triangle is the hl 
of a Parallelegram or 
Rectangle of che ſame 
Baſe and Altitude: To 

find che Area of the Tri- 
angle ABC, you muſt 
n B ene 
let fate it from an 3 2 225 * 


- 
-_ 
- 
> 
* 7 - * 
+» 
* . 
— 
- 
oo 


OR LES a 


fire-Angle, and take half the product; $ brit Hoe e 
35 nn, AS one Io 


- 
mi, 


F 
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of the other, the Product is the Area of the Tri- 


A 15674449257 jg! TS 
19. A Pentagen is a Figure having five Sides and 
fave Angles... N 5 e a, 

Ik all che Sides are equal, and conſequently the 
Angles, tis called a Regular Pentagon. ' 


. 4 


20. An Hexagon. is a Figure of ſix Sides and Angles, | 


an Heptagon of ſeven, an Octagon of eight, Sc. which 
are all called Regular when they have equal Sides 
and Angles. IE ES 2072 £1 

21. A Polygon in general fignifies any Figure of 
many Sides and Angles ; bur no Figure is called by 


tis Name, unleſs it have mere than four, or five Sides. 


"(7771 22. Every Polygon ma be divided 
into as many Triangles as it hath 

Sides, if any where within the Po- 
Hon you take a Point, as a, and from 
thence draw Lines to every Angle a b, 
a c, a d, &c. for they ſhall make as many 


: Triangles as the Figure hath Sides. 


23. The Angles of any Polygon taken all ogerher, 


will make twice as many Right ones, except four, as 


the Figure hath Sides. v. gr. If the Polygon have ſix 
Sides, the double of that is 12, from whence take 
tour, there remains eight. I ſay that all the Angles 
of that Polygon, vix. b, c, d, e, f, g, taken rogether, are 
equal to eight Right Angles. For the Lines 4 b, ac, 


2 d, &c. do divide the Figure into fix Triangles; the 


three Angles of each of which are equal to two right 
ones (2. 9); ſo that all their Angles together make 12 
Right Ones. But now, each of theſe fix Triangles 

hath one Angle in the Point a, and by it they compleat 


the ſpace all round the ſaid Point. And all the Angles 


about that Point, are equal ro four Right Ones (1. 22 
Wherefore. thoſe four being taken from 12, (Ibe Sum 
of the Right Angles M all the ſix Triangles)" leaves 


— 
- — 


Weh 


Lebe, the Sum, ofthe Right Angles of the Hexagon 


N - * þ. . 
* . 5 a 
bn = _— . 7 * 
— 4 . wy - 6 2 f ln SY 4 . s 
: Iz 6 wad „* S ow Fad po» — 


Book III. Of Gronurny, | Fg 7 2 
which make 8 times 90 or 720 Degrees; ad 


. fore each Angle muſt be 4 of that, vix.126 Degrees. 
| So thar the Figure hath plainly twice as many ria 
| Angles as it harh Sides, = four; which was to 
be proved) 3 


COROLLARY. 


All the' external Angles of ay me- ind Eke 
are equal to juſt four 
Right Ones: Fordraw- 4K 
ing out the Sides as in | — 
the Figure, tis plain 
the Internal and Ex- 
ternal Angles together 
will make twice as ma- 
ny right Ones as the 
Figure hath Sides; but ey | 
| the Internal Angles are e E e 
equal to all thoſe ex- W 25 0h Gb: hn: we 


cept f. this 
Wherefo OT . Angles \ uk aged 


erefore the 
four, and no more. 

15 A A Puig n on may be divided alſo i into Triangles, 

from Angle ro An- 

x — Sas the —are 2 of the 
Sides will exceed that of rhe Trian- 
gles. And hence the Area of any 
fight-lined Figure may be found, by 
reducing it into Triangles, and * finding rhe A- 
rea of Back — N, adding all into one 
7 15 8 2 5 8 | ; 


Fro 


" PROBLEM I. 
Os «given Line a b, to male 4 Parallelo- 


ram, having an An le equal t to 4 given 
Lu. A. 8 


 Makerhe An lecab = A. Then uke 4 bin your 
Compaſſes, and ſetting one For in c, ſtrike an Ark 


as d: next take the Diſtance s c, and 1 
Foot in b, croſs che Ark in d: draw c d and 6. and 
it is done. | 

Aud thus alfo may the Line NET OLA Parallel 


to a b, thro a Point - _— and any —— 
readily be GIG. 
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: r 
* a o i 
* . 
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FO UTTER 


pA O B. 11. 


4 Triangle a bd being given, 10 weld 4 B. LL 


rallelogram equal to it, which ſheb have 4 
given Angle equal ta A. 


, Pike the Baſe of the Triangle iti c: Maksthe 
* * A, thro ha "TO" a draw 4e Parals 


iel to the Baſe 64 . 

will ee be the gram required. | 
For 22 half the Baſe, and of the fy 

height with the Triangle, it will be equal to it, b 

= of QUE. this Book; IN cdeis qual 


PROB. itt. 


On 4 Line given 4s L, to make « Parallets: 
Fe equal to 4 given Triangle ebe, 
. and having an Angle 85 to an 9 gt- 
en, 4s A. 2 


Make che Parallelogram to equal t to the Triangle, 


( 9 0 x 15 "Then 


and et irs Angle #5 52 by b the laſt. 


: ill ow become « ual to L,and draw | 
alſo equal to L. Then draw the Di- 


EK 77 


agonal » o, , producing ir ill ir meer with d p alſo 
produced to f, Then draw f KS An, * 
d F; and That will complear the Parallelogram f n, 
in which the Complement g m will be equal to p e 
(3. 13) which is equal to the Trianglecb e. Q. E. F. 
And thus tis eaſie to make a Parallelogram equal 
to any Right-lined Figure given: wh A that 
| II JEU Go. OL 7 
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B 0 0 K w. 2 
Of a cal. 0 


Line is aid to Touch 7 or to OA A Tan- 
gent t0) a Circle, wen 

tho' producd borh ways 
from the Point of Con- 
tact, it will only touch! 15 


and: not cut or enter within it. Y 
the Line-« touches the Circle C, as 3 E 


Circle C doth the Circle D ; bur d en- 5 
ters within the Circle, and cuts An. 3 
# call d a Secant. _ 1 
2. If a tight Line enter within a. Cade 3 | 
it into two Parts, thoſe Parts are called Segments: 85 
is a leſs Segment and D a N That part of the | 


» # us : 

» 1 - - 2 - 

2 6 ; 1 8 ”— — ' 3 
f ” 2 + 46 * 3 4 5 ; 1 1 


15 
— 2 =Y me : 
A % , 3 * 
5 » * 


: 3 
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. 
% - 
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* 
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Line cutting the Circle (and which 5 within it) is call- 
ed aChordase f. And the Parts of the Circle (or ra- 
ther Circumference) cut off; are called Arks The 
Chord with the Ark makes two mixt Angles as e and 

; f, 2; they are + Angles of a Segment, 

3. you rake a Point as e, * che Ark of any Seg- 
= ment, and frofn draw two Lines 
ca and cb (to the ends of the Chord) they 

| ä 4 ſhall make an Angle ac b. which is call'd 

an Angle in a Segment : And that Ang le 

4b is ſaid to 3n/iſt or d on u bu, S 
$4 Ark of the other Segment below. 

4. A Sector of ieee 4s 4 ub 
Triangle comprehended between two 

3 7 Kadi, 46, a e, and the Ark of the 
N 2 / _ Circle bc: dig mark'd in the Figure by 

K Peng ſnaded. 

5. If at the end of any Radius, or Se- 

i . midiamerer, a b, 75 draw a Perpendicular, as d b, it 
ſhall touch the Circle but in one Point. And all che 
1 Points of the Line þ d ſhall be without 
the Circle. v. g. I fay the Point 4 (or 
any other aſſignable) is without: For if 
3 you draw the Line a 4 from the Center, 

| LIES And that ſhall cut the Circle in the Point 
c, that Line * be — that «fs b; 
and conſequently longer a.c which is 
$ 17) und b (1.14). Wherefote the Point 41 is with- 
the Circle. Q. E. D. 
6, A Chord, 28550 is divided into two equal Parts 
Bifle&ed) by a Perpendicular 4 4, 
wn from the Center a4. For the Tri- 
c angle 4 b c is an Iſeſceles, becauſe hn is 
\ Eqtal to © # (1. 14) and. there fre the 
. b 4 U Biſſects the Baſe b'c 
F r6). l halo r 
ected 
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7 Two Tangents, eb and cd, drawn foe + 
Game Pow: without a Circle, ate equal one to asse 
cher; For, draw from the Center to the e * 
Contact, 5 and ad. Then will thoſe 5 
Lines 5 * to the Tangents 
me 54 the A Ie % will be equal to 

| 445 (2. 15.) Wherefore it from the 
| Right and { conſequently) equal Angles | 


cha andcda, you take away the equal des 3b 
and « d b, the remaining Angles'cbd and c 4b wil 

be equal : Wherefore — oppoſite Sides muſt alſo 
be eq „ 13.0 That is, eb is e- 


: qual to c 4 
J 8. Equal Chords as bc and F h, do cut olf equal 
. Segments bdcand fg h. And rhe Perpendiculars 2c 


and az, drawn to am from the Center, are alſo e- 
qual, as is eaſily proved; (ſaith Pardic, But be gives 


2 us no Demenſtration.) Tet i plainly thus proved; Tb 
0 Chords and Aris are both Biffeted by the n 
wad lars (4. 6.) And therefore the Seftors cad, 

200 dab, fag and g ah, muſt be all equal; 

a as alfo will all the Triangles x; z, o and k, 

; be (2. 11.) Therefore their Doubles wit fl. -— 
ow alſo be equal; i. e. The Sector ba c will be e- WW , 
* dual to fah: And the Triangle ba c to þ 
the Triangle fa h. And if theſe laſt Tri- 8 5 


en angles are taten from the equal Sectors h a f and bach : 
_— the Segments bd c and h g f muſt remain equal. That 
the Perpendiculgrs are equal, is plain from the oY”? 
ties of” the Triangles 2 and o, or X and K. 


„Let there be a Semidiameter Re, and a a rer. 


* proicular (to it without the Circle) RT, 
ws 5 Line cutting che Circle in 8. 
158 rr #Perpendicular (ler fall from thence) | 


to the Radius R C in 1 (4 Point within 
All theſe 1 have 295 
; * 


- 0 , 


cial Names. The Line TR is called the Tangent of the 
Ark RS (which ſuppoſe 30. T Cis rr e 
ot the ſame Ark of 30?, and the Line S n is called 
the (Right) Sine of the fame Ark. RCis by ſome 
called the Whole Sine, bur moſt uſually the Radius, 
CER EEE CO Sine of the Lime Ark. 
10. If in the Circumference of . 
Circle, you take two Points, as à and 
b, and from thence draw two Lines to 
the Center c, and two others to any 
Point, as d in the Circumference; py 
will make two Angles, of which 4c b 


is called an Angle at the Center, and 
24 b an Angle at the Circumference. 


11. The Angle at the Center acþ is always double 
to one at the Circumference ad b (in- 
fiſting with it on the ſame Arkab.). 


Of whi < there are three Caſes. 


1. If one of the Lines, as 4 b, paſe 
thro the Center c, then tis plain the 
Wes! Angle ac b (2. 10.) will be equal to both the 
Internal and Oppoſite Ones a and d taken together. 

But the two Angles 4 and 4 are equal, becauſe 
a cd is an Iſoſceles Triangle, whoſe Side ac is equal 
to cd (2. 15.) Therefore the Angle c at the Center 


being equal to both, is double of are alone; : 1 
e ICS Q. E. D. Ya 


II. If neither of the Lines 4 b, da, which form 
. e Angle at the Circumference) pa 
thro the Center c : (Bur fall both ou 125 
ſame ſide of the Diameter) Let the Di- 
ameter d ce be drawn, Then will the 


whole Angle ace (at the Center): be 
— 0 * 3 44 4 (ax the 1 
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ſtanding on half of the Ark ze b, is e- 


po . 
3 bs He was Nett in 5 firſt Caſe. 
Alſe the Angle hc e is double to b de, by the ſame. 


| Wherefore if from the Angle a ce, we take away 


that b c e, and from the Angle d e, Which is the half 
of ace, we take away 6 de, which alſo. 2 the half 
of be e, the remaining Angle 4 d b muſt be juſt the 


half of «cb. For tis as plain as an Axiom, that if one 
Quantity be double to another, and you rake away 


from the bigger juſt che double of what you take 
from the other, the remainder of the Bigger muſt bo 
double to the remainder of the Leſſer, e 


III. If the Diameter fall between the Lines form- 
ing the Angle at the Circumference. -. £ 
Then will, as before, rhe Angle ace be 
double to a be (by Caſe 1. 'of thi) and © 
the Angle ecd will be double to ebd 
by che ſame ; therefore the whole An- 
gle acd muſt be double to ab d. (So a 
that in all Caſes, the Angle at the Center 
1j double to one at the Circumference if they both fland on 


the ſame Ark, or ( which 1j all one) are in rhe fame Seg- | 
ment. 


12. All Angles (in the ſame Segment or) hübie on 
the ſame Ark ab are equal, let them 
Terminate in any part of the Cirenine 5 
ference whatſoever. _ | 

For the Angle 4 db will be e equal to 
a e b, becauſe each is the half + of the | 
Angle at the Center ac b (4. 11.) 

13. An Angle at the Center bce 


2 to the Angle ad b at the Circcum- 
| - ſtanding on the whole Ark. 
or 5 equal to twice x; (by 4. 11.) 
and x x equal to o, that us to half ad b | 

(4-6, ranks 8.) . c * _— to a d b. QE. D. 


* 


pe 1 . 
/ c 
+ 
$ 


14. The A 


42 ELEMENTS 0 
14: The Angle a4 b ſtanding on the Semi-circum- 
ach (or being in the Semi. cirele a db) is @ | 
Right One. Let c e be drawn Biſſect- 
ing the Semi-circumference a eh, then 
is {by the Precedent) the Angle ace 
at the Center, ſtanding on half a Se- 
mi- circle (or on 4 Quadrant) equal to 

4d b at the Circumference, which 

ſtands on twice that Ark or on a Semi- 

circle. But «ce is a Right Angle, noe a 4 b, 
lis equal) muſt be ſo too, | 


COROLLARY I. 


Hence is derived the Common Ne of Eredt- 
ing a Perpendicular, as 4 b, at the end of a given Line. 
, For, opening the Com- 

1 Paſſes to any conve- 
ꝛnient diſtance, ſer one 
Point in c, and with 
the other draw the 
Ark d 5 4, cutting the 
———————— given Line in d; then 
en e 2 Ruler laid from d to 
fy c ſhall find the Point a2, 

which is Perpendiculatly over : For the Angle dba, 
being a in Semi - circle, is 2 = One. | 


COR 
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ORO LA. 

Hence alſo ariſes this expeditious Practice of 

drawing from a Point given as 4, a Tangent as a b, to 

a giyen Circle, For joining the Ppints « and d, the = 


Denker of the Circle, Biſſeck their Diſtance 44 in the 
Point c: on c, as a Center, deſcribe rhe Semi-circle 
a bd: So ſhall a b be a true Tangent, becauſe the Angle 
a bd being in a Semi- circle is a Right One, © 

15. The Angle a b d in a Segment leſs (than a de. 
mi- circle) is Gbeu ruſe: Nerauſe e 
Ark 4e d being mote than half che 
Circumference, irs half, the Ark ar, 
muſt be more than 9o?, therefore 
the Angle a b d, which is equal ro 

4c e, (4. 13.) muſt alſo be ey 
yo?, chat is Obtuſe. 3 | | 
YI 23119 ps pats "of 


F 7. * 
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16. The Angle abd made in a Segment greater 
than a Semi- circle, is Acute. 

For tis equal to the Angle ace (4. 


þ | 
13) whoſe Meaſure ae being the half 
4 of a e d, nnn 
— 


cle, muſt be leſs than 90%. And 
therefore 4) d is leis than 9o?. (i. e.) 
Acute. in 


17. If a right Line as g, touch a Circle, as in 


the Point 4; and another Line as à e cut it there. 
The Angle b ae ſhall be equal to h, or any Angle 
made in the oppoſite Segment a he. And the Angle 
e g ſhall be equal to f, or any An- 
gc made in the other Segment, 
ef 4. 

For, drawing the Diameter a d, 
which will be Perpendicular to a b 
(4. 9) (and alſo the Line de:) The 
| Angle a e d will be a right One; (4. 

14) and conſequently, becauſe the xhree Angles of 
every Triangle, are equal to two right Ones, (2. 9) 
the Angle e ad, together with d, muſt make juſt ano- 
ther right Angle. | | 

But that Angle d e together with e b doth make 
alſo a right One, becauſe rhe Radius c is Perpendi- 
cular to the Tangent ab ; wherefore take away ea d 
From both and then eab will remain equal to d. And 
conſequently to h, or to any other Angle in that Seg- 
ment ahe, or that ſtands on the ſame Ark ef a. For 
all choſe Angles are equal (by 4. 12), The Angle 
es b therefore, is equal to h: Which is the firſt part 
of the Propofition, _ | | 

We mult next prove the Angle ge to be equal 
to F; which is the other * * Fs 
In the Triangle «fe all the three Angles e, f and 
4 are equal to two right Ones (2. 9). And the An- 

gle e is equal to fab; by the firſt part of this Pro- 


pofition, 


—., P—_o oe ad<cs wc 
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xfition, for Fa may be conſider d as cutting the 
Circle in the Point a, where 4b touches it, and con- 
ſequently Fa b will be equal to any Angle that can 
be made in the oppoſite Segment ah def; and there- 
fore to e. Now the two Angles eaf and fab (that 
is e) together with y, are equal to two Right Ones 
(2. 9), and ſo are eaf and f 4 b taken together with 
gae (1.20). Wherefore the Angle F is equal to ga e. 
Which was do be proved. 4 . 
18. Every Quadrilateral Figure as d ef a Inſcribed 
in a Circle, hach its two: oppoſite Angles taken together 
8 d added to f) equal to two R git 


For if thro' the Point a, there be 
drawn a Tangent as g b, and a Diago- 
. eee rr 
ual to g ae (4.17) e Angle 
77 eee (4. 17.) And 


conſequently, the two Angles g ae and ea b being e- 
qual to two Right Ones (1. 20), the Angles d and f 


F taken together muſt be ſo roo. Ds 

) After the ſame manner might the other two oppo- ' 

hs ſite Angles d af and def be proved equal to two 
Righr Ones z by drawing another Tangent through 

5 the Point ,. | | od 4p} UL s 

C 19. The Converſe of this ch ere is alſo ma- 

4 nifeſt ; viz. That if any ilaterial Figure have 

| irs oppoſite Angles equal to two Right Ones, it may 

7 then be inſcribed in a Circle ; That is, a Circle may + 

Ir be made, that ſhall touch or paſs through all irs four | 

e Angular Points. 1 2 

rt 1 6 * I 

al 


. . 
* 
. ” * 4 by 
4 9 q 
4 ” 
— - 
4 » 
1 
* 


57 * 


MEN 
46, A Redtilineal Figure rr js Gi 
to be C cumſeribed b 2 2 
when all irs Sides touch the Cirele 
withour cucting it. Thys the Tri- 
angle dae is Circymſcribed about 
8 Circle g/; becauſe every fide 
of the Triangle touches the Circle, 


A1. A Eine! is WA to 10 2 Inſeribed i in a Circle 
when all its . are in the Circumſetence of chat 
Circle, as the Trian en wing Fi . 
22. Every Triangle, a HC may 
7 Cle for if rw Lines a5 © 6 and bg 
| e i are drawn ndicular 
ſecting che 1 e B 
will croſs or meet each ather in is 
Point e, on which as gn a Center 
en ee 
1 $ An 
That char Circle Hal paſs chrongh  gid 6. F 


Fox I. The two Triangles e ; l and e i arc equal; 
becauſe i NE Re — 


e i is common to ar z are 
Wherefore the fide eb is alſo 8 ea (2,11. 
I And for he fame Reaſon The ag ch 


n _ . . 
DD RR IR . LS ESC a a — ON F — _ * = 
mn — . —— — „— — — — - — 
— 4 * K 
. 


A e 7 e and 

83 will h. 1 ul 69. bande © Mi 
rec — 2 

they meet, muſt be the Cennet if of a Cir et rc 


they are Radii: And therefore the N29. is Cir- 
3 by a Circle, . 


And thus may 4 Cirele be made to 705 through a- 
three Points, if they be not all in a Right 


* 
23. Every 


— 


Right, and thoſe at 


angle, the ſaid 
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23. Every Triangle may (have 4 Cirele inſcribed 
in it, or) be Cireumſcribed about one, vid. Fig. in 
Art. 20. 

For drawing the Lines ac and ed. Biſſecting the 
Angies pany, and from the point e, where they 
croſs, letting fall the Perpendiculars (to the ſides of 
the Triangle) eb, ef and eg : I ſay, that if you draw 
a Circle on the Center e through 6; chat Circle ſhall = 
Fund all the Sides of the Triangle i in the nes: E, 

and g. 


For I. . = 

as having the fide 4e N rg Dog Angles & Loy 
y the 

wherefore eb is equal 0 of, (2. 14) 


II. By che ſame Method, e 3 3 
alſo to of. (chat is to eb) + that th three Lopes 
equal, a Circle will paſs through 
ee which Circle they will be e 12 
being alſo a be we Tagen es ri- 
Tangents to chat Circle (4. 

55, and therefore do Ci it (by 4.18.) 


24 Every Polygon Circumſcribed abour a Circle, 
gane to a R Reckogle Triangle, one of whoſe Legs 


Perimeter (or the Sum of all the 1 wth the Day» 


Ler 


„„ 9 „N 0 
. of a wo 
” _ 
MA > Ab 8 a 


be the Radius of the Circle, and rhe other the 


2 5 = * * 

* C fi _ * - 
= . * ” * 
© | 8 0 
* 4 
* 7 > 4 * 
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Let the Line F A be equal to the Radius F h, and 
to it at Right Angles draw the infinite Line A B CD, 


Se. out of which take A h equal to a b, % B equal 


to h b, B i equal to bs and i C equal to i c, &c. So 


 thatthe whole Line ABC DEA, may be equal tothe - 


whole Compaſs or Perimeter of the Polygon ab cd e a, 


Alſo draw FF Parallel ro A A, So that all the — * 


diculars F, Fi, F &, &c. may be equal to the Ra- 
dius fh or Fi, &c. Tis then plain, that the Trian- 
le AF B will be equal to the Triangle « f b in the 
olygon, and the Triangle B FC to by c, and alſo 


CF D to cya, &c. So that all theſe Triangles taken 


together will be equal to all theſe in the Polygon, or 
to the whole Polygon. | KN; ; 

But the Triangle F A A is equal to all the five Tri- 
angles within the Parallels; becauſe drawing the 


_ Lines, BF, CF, DF, Sc. The Triangle F A B will 


be equal to F A B, FBCroFBCO, Sc. (3. 16); 

wherefore the Triangle F A A is equal to the Poly- 
gon, which was to be provee lt. 
235. Every Regular Polygon is equal to a Rectan- 

£le Triangle, one of whoſe Legs is the Perimeter of 


from the Center to one of the ſides of the Polygon. 
The Proof of which is the ſame as that in the prece- 
FK, &c. are equal &c. See tbe laſt Figure. 


Merefor the Area of every regular Poly 
multiplying the Perpendicular let fall from the Cen- 
ter ff the inſcribed Circle by any one fide ; and than 


the Sides. 


«+ . # off 
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the Polygon, and the other a Perpendicular drawn 
dent Propoſition ; For all the Perpendiculars f b, Fi, 
72 5 fan by 
fr | 
multiplying the half the Product, by the Number of 


16. Every 5 


f 

< 

[ 
] 
{ 
{ 
] 
K 
4 
1 
A 
8 
a 
tl 
8 
a 
tl 
a 
le 
d 
V 
a 
w 
(a 
th 


. 
+4 1 


26. Every Polygon Circumſcribed about a Circle, 
is bigger than it; and every Polygon Inſcribed, is leſs 
than the Circle; As is manifeſt, becauſe the thing 
containing, is always greater than the thing con- 

27. The Perimeter, or (as ſome call it, tho im- 

properly) the Citcumference of every Polygon Cir- 
cumſcribed about a Circle, is greater than the Cir- 

- cumference of that Circle; and the Perimeter of e- 
very Polygon Inſcribed, is leſs. 

28. If in any little Segment of a Circle, you In- 

ſcribe an Iſoſceles Triangle, as a h c; ſo that ab, be 


= 
yy, 


equal to h c: I fay that Triangle ſhall _ 
be greater than half that Segment. 
For if you draw a Tangent e bd, which 
ſhall be Parallel to c; and which p 
ſhall be as c a is, Perpendicular to the 
Radius bf; (4. 3) (4. 6) And then | NN 
Compleat the Rectangle a dec; 5 
Thar Rectangle will be greater than the whole Seg- 
ment a cb: Bur the Triangle abc, is the half of 
_ that Parallelogram (3. 18). And therefore muſt be 
greater than half the Segment abc. . 
8 Let there be a Tangent à d b, a Secant fe b, 
a Chord ac, and another Tangent c d, I ſay, that 
the Triangle d b c is more than half the mixt Trian- 
gle ac b, comprehended between the Lines à b, b 
and the Ark of the Circle ac. For in / 
the Triangle d h c, the Angle c, being 5 
a Right one (4. 5), the fide db, is 
n longer than d c (2. 17). That is, han 
F | da; which is equal to de (4. 7). & 
E Wherefore the Triangle h d c (having. 
a longer Baſe, but the ſame height 
witha d c) muſt be greater than it; 
ry ( may be collected from (3.7). And 
therefore it muſt be EEE” Lig has 
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half of the whole Triangle a cb. But the Triangle 
a cb, is greater than the mixt Triangle, made by the 
Ark 2 c, and the Right Lines, à b and à c; and there- 
fore the Triangle b dc (which is more than half of 
4 A muſt be greater than the half of the mixt Tri- 
Wes . oo; : 
30. From theſe two laſt Propoſitions, it follows that 
by mulriplying the ſides of Polygons, you may make 
them ſo Circumſcribed about, or Inſcribed in Circles, 
that the difference by which rhe Circumſcribed ex- 
ceeds, or the Inſcribed wants of the Circle, ſhall be 
as ſmall as you will ; Becauſe if from any Quantity 
whatever, you take more rhan the half, and from rhe 
Remainder more than its half, and again from thar 
Remainder more than its half : You may by doing 
this very often at laſt come to leave a Remainder as 
ſmall as you pleaſe ; as is Self-evident, Thus (See 
ebe 28th Figure) After a Triangle is inſcribed in a Cir- 
cle thar ſhall be Teſs than it by the three great Seg- 
ments, you may inſcribe an Hexagon that ſhall ex- 
ceed the Triangle by thoſe three Segments, but ſhall 
be leſs than the Circle, by the ſix little Segments, 
that are left white in the Figure. 5 
Bur rhoſe fix white Segments taken together, do 
not contain ſo much Space as the half of the three 
former Shaded ones, (4. 28.) After this you may al- 
ſo Inſcribe a Duodecagen ; which will be leſſer than 
the Circle by 12 ſmaller Segments; which 12 Seg- 
ments will ſtill be, leſs than the half of the fix Seg- 
ments of the Hexagon: And thus may you by in- 
creaſing the Number of ſides of the Polygon, leſſen 
the Difference by which the Circumſcribing Circle 
exceeds it, as much as you pleaſe; So likewiſe on 
the other hand, you might have firſt Cireumſcribed a 
Triangle, then an Hexagon, and then a Duodecagon, 
Sc. (and have made, that way, the Difference, between 
the Circumſcribins Polygon and the Circle, as ſmall. as. 
7 OO TOS 02 000 24; Very 


Book IV. Of GEOMETRY. - 3 * 
31. Every Circle is equal to a Rectangle Triangles . _ 
one of whoſe Legs is the Radius, and the other Aa 
Right Line equal to the Circumference of the Cir= 
cle. For ſuch a Triangle will be greater than any 

Polygon Inſcribed, and leſs than any Polygon Cirs 
cumſcribed, (by 24, 25, 26 and 27 of this fourth 
Book.) And therefore muſt be equal to the Circle. 

For ſhould it be greater than the Circle, be the 
excels as little as it will, a Polygon may be Cir e 
cumſcribed, whoſe Difference from the Circle ſhall 
be yet leſs than the Difference between that Circle 

and the Rectangled Triangle: And that Polygon 
will be leſs than the Triangle; which is Abſurd. And 
if it be ſaid that this Rectangled Triangle is leſs than 
the Circle; an Inſcribed Polygon may be made, 
which ſhall be greater than that Triangle, which is 
impoſſible. e 4 
This kind of Demonſtration which we here uſe/ 
« and which is called Reductio :d Abſurdum five ad 
& Impoſſibile, is one of the fineſt Inventions of the An- 
« cients : And on it is founded all the Geometry of In- 
diviſibles; ſo that I cannot but much wonder ſome 
* of our Modern Authors ſhould reject it as indirec˙xk 
«and deficient. But if we muſt arrive ro ſuch 4 
point of Niceneſs, that we can't bear any Demon- F 
"1. Rearicn, unleſs it be Dite& and Poſitive; tis eaſie 
* enough to give this before us ſuck a turn, as ſhall . 
render it Regular and Ditec, _ „ 
For chis cannot but be admitted as a Principle? 
<< That if two determinate Quantities a and b are ſuch, 
that every other imaginable Quantity, which # grea- 
ter or leſi than a, 1; alſo greater or le than b; Theſe 
© two Quantities a and b muſt be equal; And this 
Principle being granted, which is in a manner ſelf 
„evident, it may directly be proved that the Trian- 
nee mentioned) is equal to the Circle: Be- 
caule every Imaginable * Figure, which * 
n n „ | 
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« Jeſs than the Circle, is alſo leſs than the Triangle : 
And every Circumſcribed Figure greater than the 
. & Circle, is alſo greater than the Triangle. 
This is that which is called the Quadrarure of (or 
. Squaring) the Circle, which conſiſts in finding a 
Square, Triangle, or any other Rectilineal. Figure 
exactly equal to a Circle. And this would eaſily 


be . could we find a Right Line equal to the 


Circumference; as is plain from this laſt Propoſition. 
But fuch an Equality is not to be found Geometri- 


cally. 
To find the Area of 4 C ircle. 


Since the Circle is equal to a Right-an gled Trian- 
gle, whoſe Baſe i is the Radius, and the Perpendicu- 
lar a Line equal to rhe 
Circumference ; half the 
Product of the Radius 
into the Periphery, will 
give the Area of the 
Circle. FS 
In Practice, therefore 
lay, either as 7: to 22 
: So is the Diameter in 
Inches, equal Parts, &c. 
to the Circumference or more nearly and without Pi- 
viſion, ſay, as 1000 is to 3141 :: So is the Radius of 
any Circle in Inches (ſuppoſe 9 Inches) to 28.269, 
which therefore will be the Semi- circumference: 
And this multiplied by 9 the Radius, N Hts 
for the Area required. 


For the Area of a Sefor or Sepment of any Gre. 5 
Since a Circle may be conceived as an Aggregate 
of an infinite Number of Iſoſceles Triangles, whoſe 
common Vertex is the Center: Any Portion of the 
Periphery, as bc, being conlidered * a8 a ſtrait 3 
and 


A 
— 


greater than that Square. For the 


Circle. 
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and the Rerpendiagiar ae ler fall, the Area of the 


Sector muſt be half rhe Product of the Ark he into 


the Radius ae ; and if from the Sector you take the 
Area of the right Lined Triangle a bc, there will re- 
main the Area of the Segment b ec. 

32. If a right Line could be diſpos d into the Form 
of the circumference of a Circle, it would contain 
more Space than any other Figure, or Regular Poly- 

gon wharſoever : Suppoſe the circumference of the 
Circle à bed, to be diſpos d into the Form of a 


Square, or into any other Regular Polygon: So that 


all the Sides eg, gh, hz and ze to- 
ether may be equal to the circum- - 
_ abcd : 1 ſay, the Circle is 


Circle is equal ro a Rectangle Tri- 
angle one of whoſe Legs is the Ra- 1b 
dius f a, and the other the circumfe- 
rence. And the Polygon, is equal | Oy 
alſo ro ſuch a Triangle, one of whoſe Legs is the 


ſame circumference 4b cd, or the Sum of the Sides 


geib; and the other Leg is the Line fo (4. 25.) Bur 
as the Line fo is leſs than the Radius fa, ſo the ſe- 
cond Triangle, which is equal ro the Polygon, muſt 
be leſs than the firſt which is equal to the Circle, and 
therefore the Square or Polygon muſt be leſs: than 


the Circle, which was to be Demonſtrated. 


And this is what we mean, when we uſually ſay, 
* thar of I/oggrimetrical Figures (or which have equal 
* Perimeters or Circumferences) the greateſt is the 


Before we go to Solids, I thought it proper to give 
the Learner here, this moſt Noble Theorem of Py. 


thagoras ; becauſe, tho; ir be indeed Demonſtrated in 


the ſixth Book, yer nearly after Euclides manner, it 
may alſo be done here; Thus, a RY 
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In every Right angled Triangle as t, The 
uare of the Hypothenuſe ac, is equal to the Sum 

of the Squares of Legs a b and be; For, 


I. The Square of c a, is equal to the two Rect; 
angles df and fe, 


II. The Rectangle dF is double of the Triangle 
a bd being of the ſame Baſe and Altitude; and the 
Rectangle Fe is for the ſame reaſon, double of the 
Triangle þ ec. (by 3. 18.) e | 


III. Bur thoſe Triangles, being of the ſame Baſe 

and Altitude with, will be equal alſo to one half of the 

Squares hb and b ER: Wherefore the Square of gc is 
equal ro the Sum of che Squares of the Legs. 
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I have here added alſo the Subſtance of the ſecond 
Book of Euclide about the Power of Lines, &c. And 
I would Adviſe the Young Geometrician before he- 
proceeds any farther (and if not done already) to be- 
gin the Study of Algebra; a little of which will be 
of excellent uſe to him in facilitating the Demon- 
ſtrations in Geometry, and in preparing the Mind 
and enuring of it to Abſtraction, before he come to 
the Doctrine of Proportion. And che Knowledge of 
the four firſt Rules of Addition, Subtraction, Multi- 
prone and Diviſion, in. Intevers and Fra8ions wilt 
ſufficient to enable him to underſtand rhe following 
Propoſitions. As alſo thoſe moſt uſeful Ones, which 
he will find added (in this Edition) in all the tollows 
ing Books of theſe Elements. . 
I. If there = rvvo Lines 7 and X; one of which, 
as , is divided into any Number of Parts, as into 
a +e+3+0. The Rectangle under the two whole 
Lines z x, is equal to the Sum of all the Rectangle 
made by x multiphiect into the an of x ES | 


1 


3 


* — 


That 1s ZX = X. KX, N x= This is 


ſo plain, ir needs no Proof. 


II. If a Right Line, as Z, be divided i into two parts | 
42 Te. The Rectangles made by the whole Line, 


and both its Parts are equal to the Square of the 
whole oa an 


|. Vi | 4 2E 
7 R —. 


e 
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That is, X 4 Ke = JJ | 
For 74 = a4 +4ae. 
And ze 4e ee. 
Thar is, 1 cy f 
74 e = 44 ＋ 24e Lees Q. 4 ＋ e Q. E. D. 


— 


III. Let the Line Z be cut into a Le 3 then ſhall 
the Rectangle under the whole Line (Z) and the 
Part (4) be equal to the Square of that Part a, to- 


Ser with the Rectangle made by the two Parts 4 
and e. | 


That is, Za = aa+ ae. 


) | 
4 c 


2 


For Z = a+e 


And 4 N44 KL. Q. E. D. 


IV. The Square of any Line, as Z, divided into 
any two Parts à and e, is equal to both the Squares 


of thoſe Parts, together with two Rectangles made 
out of thoſe Parts. 


That is, 2 1 = 44 HS 24e Tee, 


4 "> 


Multiply a + e by its ſelf, and the thing is plain, 


: * 


SS. 
+4 


e 
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Hence tis plain, that the Square of any Line is e- 
qual to four times the Square of irs half, For ſaps 
poſe Z to be Biſſected, then each part will be a; and 


multiplying a + 4 by ir ſelf, the thing will plainly 


Appear. : 


— — nt. 4 
— — — 


n 


44 ＋44 T 44 +a 2 444 


V. If a Line be divided into two Parts 
and into, wo other Parts unequally, the R 


Fi 
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tangle 


under the unequal Parts, together with the Square 
of (the intermedigare Part) the Difference between 
— . and unequal Parts, is equal to the Square 


f that Line. 
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Let the whole Line be 2 a, then each Part will be 

4. Let the leſſer unequal Part be e, then the In- 
termediate Part will be 2 — e, and the greater 
unequal Part will be 2 « — e; which multiplied by 


* e 
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produces 24e—ee; To which adding the 
. of rhe Difference, or intermediate Part a— e, 
vohich is 44 — 22e ee, the Sum will be only 
4 a, the Square of half the Line. 


VI. If a Line be Biſſected, and chen W Right 
Line be added to it, the Rectan gle or Product of the 
whole Augmented Line, multiplied by the Part ad- 
ded, together with the Square of the half Line, is 


— to the Square of the 5 Line and * ad- 
, conſidered as one ** 7 


— 2 FS J 


3 | — — 969% % 69% =o | 


Let the firſt Line be 24, and the Part added e, | 


mix inane aca ras 


Line | 
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Ling a « being added to ir, it will be za e Tee 
| f a, which is equal to the Square of a> e, by ye 


1 vll If a Quantity or Line be divided any how. 
into rwo Parts, the Square of the Whole ae to 
the Square of one of the Parts, ſhall be equal to two 
Rectangles contained under the whole Line and that 
Part, added w the Square of the other Part. 


"8: | "8 


— — * 8 


© 
Let a be one Parr, and e the other. The Sinks 
of the whole and of the leſſer Part e, makes a 4 + 
2 46 2. Then if the whole a+ e be multipli- 
ed twice by e, it will produce 2 ae + 2ee ; and if 
to this be added the Square of the other Part a a, the b 
Sum will be 


44 24e ＋ 2 ee, equal to che former. 


2 


VIII. If a Low he cut any how into two Parts, the 
Quadruple Rectangle under the whole Line and one 
of the Parts, added to the Square of the other Parr, is 
Ae to the Square of the whole and the other Part 

ded to it, as if ir were but one Line. 


N e 


| Let the whole Line be a T e, then 8 times that 
multiplied by e (or che Quadruple Rectangle under 
that and e) will be 42e L4 ee; to which adding 
the Square of the other Part 4 4, the Sum will be 
44 ＋ 44e ＋ gee” It 
And if you ſquare a+2e, which expreſſes the” 


whole Line, with e added to it, the Product will be 
| ths mr Sh of ee kN 


- 
” 
as I 
— % 3 2 
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| | . &-- 
FIX. If a Line be biſſected, and alſo cut into two o- 
ther unequal Parts, rhe Sum of the Squares of the 
unequal Parts will be double to the Sum of the 
Squares of the half Line, and of the Difference be- 


tween the two unequal Parts, 
5 r 
24 WI 8 


Let the whole Line be 2 4 ; and the Difference 
between the equal and unequal Parts, b ; then the 
greater unequal Part will be 2 + 6, and the leſſer 2 
: The Sum of the Squares of rhe unequal Parts 
will be 2 aa + 2 b b, which is double to the Square 
of half the Line added to the Square of the Diffe- 

rence, Q. E. D. | 8 7 
X. If a Line be biſſected, and then another Line 
added to it; the Square of the whole encreaſed Line, 
together with the Square of the Part added, is dou- 
ble the Sum of the Squares of the half. Line, and of 
the half Line and Part added, taken as one Line. 


A EX <4. 


| c SE” ng 
2 — wr 
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Leer the whole Line be 2 4, and the Part added e; 
then the whole encreaſed Line will be 2.4 + e; and 
the half Line and Part added will be a +e. The 
Sum of the Squares of 2 4. e, and of e, is 4.4 4 
+44e+2ee; which is plainly double to 4 a, and 
4 4 ＋ 24 e Lee added together. Q. E. 7. 

. "PROF, 
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4e 4, and taking We 
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© This Problem is allo of erer * 


PROBLEM. 


To divide 4 1. 2 a that the Rectangle 
under the whole Line a c, and one Segment 


de! b, [ball be equal to the 1902 of the other Y 
* 


1c6=b1o 


S 
On ac make the cd, whoſe Baſe ee biſſet in 
Fand draw af; make fg = af, and complear the 
g, producing bh to 5 Then is ac truly divided 
in b; for the Line ec being biſſected inf, and the part 
cg added to it the (by Prop. 6. of the Power of Lines) 
Rect. kg +foq=fg ny far fin 3 {ue 
Wherefore taking Fe eq rom both, the Rect. kg 2 


Le from borh:the Re. 
. that is Re cab = bee QE. F. 


N. B. 20 
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N. B. This # called dividing a Line according t6 
Extream and Mean Proportion; which Propor- 
tion cannot be expreſi d in Numbers. 


CC 
In an Obtuſe-Angled Triangle, che Square 
ce the Side ſubtending the Obtuſe Angle, 
exceeds the Sum of the Squares of the other 


two Sides by the double Rectangle, (2 b a) 
under the Baſe, and the part added to it. 


Let fall the Perpendicular p, and produce b, tilb ir 
meet with it. | 


- DEMONSTRATION. 
1. bb =bb +2bahaa-+pp. 
2. And 00 hore N 85 
3. But U- g= UAA . 
Wbereſore 5h b exceeds the laſt Step by 2 b «. 


PROP. 
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PROP. "JM" 


I Au Acute- angled Triangle, 1 8 of 
phe Side (h) ſubtending an Acute-angle, 
is leſs than the Sum of the Squares of the 
other two Sides, by double the Reit angle 

under the whole Baſe, (b + a) and the 


Segment of the Baſe (a) which is next to 
the Acute- angle. | 


Let fall the Perpendicular ): 


DEMONSTRATION. 
1. bb = bb ＋ P. 
2. % p44. 
A QbEa=bbtoahat dn 
3ͤͥö˙ 8 


3 ' 


4. 1 78752 ect 2 ab, is the Sum of the 
—_—y e Legs. 


' Wherefore 5 bis leſs than hab by 244 ＋L 2 4b, 
which is plainly equal to the Double r ge un- 
der the whole Baſe, and the * 8 
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Plane, when it ſtands on it at Right An- 
 gles, juſt like a Pillar on the Ground, and 


the. Plane, than to the other. 


2. Two Planes are Parallel to each other, when 
all the Perpendiculars that can be drawn between 
them, are equal. (That is, when they every where 


are equally diſtant, DS 1 9888 
3. One Plane is Right or Perpendicular to another 


Plane, when like a well-made Wall, it inclines and 
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P Right Line is ſaid ro be Righe upon a 


is inclined no more to any one fide ob 


leans on one fide no more than ir does on the other. 


* 8 


* 
N ; :, 
- *% ” 
2 1 — ; 


66 ELEMENTS 
4. A ſolid Angle is made by the meeting of three 


or more Planes, and thoſe join- 
ing in a Point: like the Point 
of Diamond well cut. 

If we imagine a Line as 
a 5 fixt above 1 in the Point a, 


to be moved along the Sides 


of an Polygon d be; tha 


Line its Motion ſnall de- 


ſcribe a Figure that is call'd a 

be 7g called the 
6 Polygon is 

Baſe of the l 


7. ir a Line faſtned, as before, move round a Cir- 
Cle, as d b c, it will deſcribe a Cone ; and the Circle 


is its Baſe. And a Line drawn from: the Center e ro 
a, is calld its Axis, 


8. If a Line ab move uni- 
formly about two Polygons g f 
and dc b, which are every way 


_. equal, having their Sides and 
Angles mutually Parallel and 


3 exactly to one a- 
2 as af to Line fd to d c 


Sec. then that Line by its 
Motion deſctibe a Figure which 


is call d a Priſm, andthe Poly- | 
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n then 
der Ein is call da Paralleloph * PR 


45 11 a Line ab mioved uni- 
Ps round two equal and Pa- 
rallel Circles, it ſhall deſcribe or 


generate a Cylinder, 


11. TheLine jo ning he Centers e e, in i the rwo 
Baſes, is call'd the Axis. 
hg Thiere is no need of conceiving two Baſes, E- 
qual, Parallel and Oppoſite, for the Geneſis of 
' riſms and Cylinders. For thiey will be deſcrib d as 


Oh . well by Imagining a Line moving round the Cir- 
* cumference of any plane Figure with. a Motion al- 
* ways Parallel to its ſelf in its firſt Poſition. As if 


4 ab be ſuppoſed to be carried round any of the Ba- 
*ſes deb, keeping always the ſame Angle with the 


. Plane, whicti i ir firſt had, ir awill-deſcribe a Thian- 


« gular, Quinquangular, or Circular Erin, accoiding 


= R. to the Rae e the Baſe. And tlie upper End af” * 
8 the Line will deſcribe a Baſe, (as you may call i ir) 


4 at t the TY equal and Parallel to that . 


| COROLLARY. 


| the Solid Comme of al 7 ele, Wiſe SO 
this (4 ap of all:Paralletopi 2 „ is had by Multi- Bn 


plying their Height into the Area of their Baſe. 


And if rhey are {ay rn Priſms or Cylinders, by 


Mulriplying the Baſe by the perpendicular Altitude. 


But afterall, this Geneſis K. riſms and Pyramids. 
of Mt. Pardie's, reſpects only their Surfaces. And 
therefore, the moſt foper way to conceive the Ge- Bj 


neſis of all Kinds of Priſms, is to imagine a Trian- 


ap Se, Quadrilateral Figure, or Polygon, or the plan? , | 
of a Circle ro-be moyed in a Faſhion always Paral- 


© . BY 2 
* r Is ' 
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lel ro it ſelf; as ſuppoſe from h̊ to e, or 8 88 
1 according to the Directi- 


(in the preceding 
on of the Line he or gd. Or according to Euclide, 
a Cylinder will be generated by the Revolution ot 


the Parallelogram 2 ede (Cee * in Art. 8 00 W a- 
bout the Axis ae. 


COROLLARY. 


And from hence Fon was end before of Lueg 
tis plain that equal Surfaces moved uniformely over 


equal Places or Intervals, will deſcribe or generate 


equal Solids. 
And as for the Geneſis of Preamide: ſuppoſe the 


en abc, to move downwards from the Top of 
: a a Plane Angle, determined 
by the two Planes a AB, 


aA C: Let this Motion de 
and let the Angular Point 


* WHY, 1/1, 


= be ſuppoſed always to keep 
i AD in the Line 4 K. 

Tis plain, as this Tri- 
wh 1 c — moves ru down- 
WAN „ wards, ir will ſtill get more 

2 . aud more within the Solid 
Angle, and at laſt will come 
ro be all of ir wirhin it, and 


N e ABC, which will be the Baſe of 


a2 Triangular Pyramid, whoſe Vertex is at . 
Ihe ſame Triangle abc, will alſo, by its Motion, 


Jeſotihe another. Pyramid, whoſe Baſe ſhall be the 


: Fergie bcB C, and. its s Vertex 4, as SEG: 


4 a : 


always Parallel to it ſelf, 
of rhe moving Triangle 4, 
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13. If a Semi-circle «db be turned quite 1 
on its Diameter 4 b, it will deſcribe a 
: Sphere or Globe, whoſe Axis will be « b, 7 - 
the / and its Center e the ſame with the Semi- 
circle. Every Line paſſing through the 
Center c, and terminated at each end by 
the Surface of the Sphere, is called 
ameter, and may be call d an Axis. 
14. All Lines drawn from the -, 
= are call d Nan. and are all 10 to one and 
ther. phe: 


J find the Surf Aces of Solids, of *I 


L For all Priſms, Parallelops 55 and ol, 6 


Find 5 perimeter of che Baſe (which in Practice. 
is done by girting ir with a String) and Multiply that 
by rhe Perpnedicular height, the Product is the CLF | 
without the Baſe, (i. e. without the top and bottom 
Planes) and the Baſes may be found by the Rules; gi- 
ven in Plain Menſuration: The Reaſon of which is, 
becauſe a Rectangle of chat Form and Diczengops F 
will We cover.the he curd de 4 the Body. * 


II. For Pramids 2 Canes. 


: The Surface of a Pyramid, is « onlyian. age egate 1 
. Triangles, which therefore muſt be found te eVes, _—_ 
R ralf and; then added up i one Sum U. e. nn 


8 £ 


9 82 * tt 

1 "The Farlace of 8 Cb b FE Fc 
. exactly but for Right Ones. Mulxiply che 2 

„„ ferences of, the Baſe, by half of che Ade e the Cone, 

deute Product is the Area of the Convex Surface. Be- 

Quuſe the Curve Surface of a Cone is equal to a Tri. 

„„ F 3 * - angle 


N ' 
2 


ELEMENTS 


angle, whoſe Baſe is the Periphery of the Baſe, ah 
Mz the fide of rhe Fn 40 a bare being 
| capable of exaetly covering ir. 


UI. For the Surface ef the FRO Es 


Multiply the Diameter by the Periphery of any 
great Circle, or by ſuch a Circle as hath the 
ter of the Sphere for irs Diameter, the Produd the 


Surface. As appears from what will be proyd be- 
low after Art. 34. 


| IV. The Surfaces f the five Reg lar Badies, s eaſily 
bad by the Principies of Plain Menſurarion, 


1 155 Two Right! Lines if they meet ſo as to cut or 
croſs each other, are in the ſame Plain: Wherefore 
all the Angles and Sides of every Triangle are in the 
ſame Plane. ? 

16. if two Planes bnd ay f cut or Imefſck 

one another, rh 4 frall 466 in 4 
| Right Line, as wb which is caltd 
their common Sectien. 1 8 5 
17. If a Right Line dc be Perpen- 
dicular to two Lines df and dy; L 
are in the ſame Plane, that Line is al- 
ſo perpendicular to that Plane. 
18 If a Ri to Live Jo'be Þ erpendicular to three 
| gh Lan Lines d 275 42 and ds, they ar are all rhree in the 


5 * Ir exo Tinte 46 bi are Perpi alfeilkt to the: | 
ſame Plane f g a, they will be Parallel ro one another. 
36, Hr Lines dc, 5 are Parallel And draw 


mother Line, from an 1 as 
A , in che fame 0 


eie ST 13 5 


2 
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21. If two Lines de, b i are Parallel to a hints 
that third Line be not in the ſame Plane 
them, yer they ſhall be Parallel ro each other. 


22, ape cr _—_ ab be 7 _ 


any other equa les with) rw o 
Planes fe 7 my > Planes are 
Parallel. 

23. If rwoParallel Planes, 45g | 
and a fe are cut by a third i i i, 1 
common Sections Fe and bg are þ} 
Parallel, | / 


24. If a Solid Angle be made 
by three Plane Angles, any two of 
| — * always greater thats 


All theſe Propoſ irlons are fo mans 1 
felt to one that will but conſider them 44 
with a little Attention, that tu need- © 
Teſt te ſtay ' to | Demonſtrate them;” 
gd {And indeed the Solemn and egular 
Demonſtration of 4 thing Plane in 


its ſelf, always makes it more Obſcure. 5 


25. The Plane Angles, concutring to Aue Solid. 
One, taken all together, are always Jeſs than four 
Night Ones. For if they ſhould make four Right 


Angles, they would form a Plane and not an Angle, 
Wherefore, ) that t oo {or make a Solid Angle, they 
mieſt be leſs chan four Right Ones. 

I A very good way in order to gain 4 clear Idea of 


 Bvlids and their Angles, to make the Regular Bodies bur: 


vf thick Paper or Paſt-board, and Fs wy the Deſcription of 
—- Bobs. yOu will ſee the Figure, which wrong olded up 


, will expreſs the Solid. 
"pp © all Pai ppipeds, the Oppoſe Planes are 
wal ee to conceive N a 
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27. All Parallelopipeds havin a k Baſes (and 
Heights) or being between the os Parallels are e- 


qual, for they are equal Aggregates of _—_ Paral- 
lelograms. (3. 14.) 

28. Every Parallelopiped is divided into two equal 
Triangular Priſms, by a Diagonal Plane, which is 
Perpendicular ro its Baſe : For every Parallel 


ogram 
of hich the Figure is com (6d, is equally Biſ- 
ſected. 2 1. 


29. Trixngalar Weiss having ual Baſes (and 
Heights) or being between the 2 arallels, are e- 


yo] or they are equal Aggregates of equal Tri- 
angles. 
5 Pyramids having ual Baſes and Heights a are 
al 4 equal ; For they are rr to grow Taper 
e. 


24 1, All Priſms in general, all Cylinders and Cones, | 
pray Baſes and Heights, are _ 
| yramids and Cones on equal Baſes, and of 6 
_ Heights wirh Priſms _ Cylinders, are one 
third of ſuch Priſms and Cylinders. 


In a Triangular Priſm, = Pyramid | of the 4 
Baſe and Altitude, it is chus prov'd, 


The Quadrangular 
Pyramid ace f b is di- 
* vided into two equal 
C Triangular Ones? by 
the Triangular Plane 
be, and the Pyramid 
Feab, is the very 
On 2 fame with ba cf and 
W ne is equal to the 
Pyramid d fe: As 


| 8 Die ang the fame Altizade - 
with it, and therefore 
the whole? Prim is divided i into three equal 7 


. having an equal Baſe 
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And fince all Mulrangular Priſms can be divided in- 
ro Triangular ones, and that a Cylinder is only a 
Mulrangular Priſm of Infinite Sides, the Propoſition 
1s Wan true; That TY and 8 Sec. 


N B. A "nes Gas or Wood. in — ck of 


a Triangular Priſm, may be cur into three. &- 
1 Pyramids. 


NX 


COROLLARY. 1 


Hence the wa iy of f ading the Solidity of 4 
Pyramid or Cone is diſcover d, viz. to 


Multiply the Baſe by 3 2 the Perpendica- 
lar Altitude. 1 


AB, 
4 


33. Brery Sphere i is equal to a Cone whoſe Per- 
pendicular Axis is the Radius of the Sphere, and its 
Baſe a Plane, equal to all rhe Convex — of it. 

For you . conceive the Sphere to conſiſt of an 
infinite Number of Cones, whoſe Baſes taken alto: 
gether compoſe the Surface, and whoſe Vertex s meet 
altogether in the Center of the Sphere: Juſt as a Cir- 
cle may be imagined to be compoſed of an infinite 
Number of Iſoſceles Triangles, the Aggregate of 
whoſe Baſes makes the Circumference, and their 
common Vertex is at the Center n 


- 
— 
” » „ *. 
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COR. . 


Hence 5 Solidiry of the $ ters will be ga 
by Meliphing its Surface by * of d, Ra- 


Atus. 


— = re.” - 


Let the "IRE ad, the Quadrant c bd, and the 
1 angled Triangle a bd, be ſuppos d all three to 
ro revolve round the 
Line þd as an Axis: 
Then will the Square 
generate a Cylinder, the 
Quadrant an Hemiſ- 
phere, and the Trian- 

gle a Cone, all of tbe 
fame Baſe and Altitude. 


. I. Then the Square of 

. eh (which is equal tothe 155 

| ; ne quare of 77 8 0 1 

al to the Square of . 

Fh more with that of 5% or its equal 52 ally | 
pe equal to 775 of 25 (= ka)! together wit 
the 85 of And fancy, Circles are as the 
Squares of their l Bates (wh 2 mult be no ta- 
ken for granted, but will! proyed in he Sch Book) 
the Circle made by the Revolution of e h, mu 
equal to the two Circles made by the Motion of 7 b 

and hg. Wherefore. 


II. If you take the Circle made by the Revoleita | 
of f þ from both, there will remain the Circle made by 
the Motion of g h equal rothe Ring deſcribed by the 
Motion of ef: And thus, it muſt always be wherever 
you draw the Line e h, or i m, &, ' III. . 1 7 


n 
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III. Therefbre the "Aggregate of all. the Rin Rings 
made by the Revolution of the ef's, muſt be-equal 
to that of all the Circles made by che Motion of rhe: 
8 : (i e.) che Diſh- like Solid, formed. — 1 — 
volving Rings, will be equal to the Cone 
the Revolution of the g hs, which are the Blements = 
the Triangle ab, d. That is, the Diſh-like Solid will be, 
as the Cone is, + of che Circumſeribing g Cyliaderaad | 
conſequently the Hemiſphere muſt be 3 of it: Where- 
fore the Sphere is of t Circuaeribin Cylinder, 


IV. Ler then the Radius of the Spherebe += 
c d =b d, then the Diameter wilFbe 2 7 ; ler the Sur- 
face of rhe Sphere generated b the Revolving Seri 
circle becalled 8; ar that of the Cylinder, fornied- 
by the Revolution of 2 ac = 2'r Diameret, be cal 
led/:Wherefore in what was juſt now proved; ( Art. 2 | 


33, of this Book) the Expreſſion for the Jolidity of 
| Sphere inthis Notation will be . ” and purring « c & 


qualro the Circumference of che Baſe,or for the Peri- 
pPlhety of a a of the Sphere, the Curve Surface 
bf che Cyllades(by Matplyin the Alrizade into the 


Periphery of the Baſe) will be 2705, alſo. 5 | 


. 3 


and this Multiplied by 2 27, makes 3 , Which i 


the Solidity of the Cylinder {by 1 Art. 11) 
Now fince 7 Was put RS 27 6 =to the Catve 


Surface of the Cylinder: >" — (by Subſtiacing . iv. 
Arc) will be alſo = to 40 Solidity of the i 
Nom fince the Sphere is = } of the e © 
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SY; Tha „ OS” 7 4 Where 

fore — chat is, dividing by r, S or 

the Surface of the Sphere is equal to the Curve Sur- 

face the Cylinder: But the Curve Surface of the 

Cylinder was 2 1 5 
; Wherefore to find the Area ofthe Surfis ef thier 

or Cylinder, you muſt Mulriply the Diame- 

(= 2 7) by the Ciscumference of a great Circle of 
the Sphere, or by * Periphery of the Baſe. From 


this Notation alſo © *, the Area of a great Circle of | 


t the Sphere, is plainly 4.of 2 re the Surface of the 
Sphere. Thar is, the Surface of the S 1-5 is Qua- 


te of the Area of © gras, Cn 


v. Wherefore to 2 rc the Comes . of * 
Cylinder, add r c equal to the Area of both its Baſes 


| (each of of which is Jen you will have 37 ez which 


ſhews you chat the Surface of the Cylinder (includ- 
ing its Baſes) being 3 7 c, is to the Surface of che 
Sphere, which is, 2 1 c, us three is to two: Or chat 


ite Sphere is + of the Gircumſcribing Cylinder in A- 


* rea, 5 well as Solidity. 


34. Of all Solid Figures that can be encompaſs d 
or determinated by the ſame Surface, the greateſt is 
a Spherical One, by Art. 1 3th of this Book, * Art. 
the laſt of Book the 4 3 

33. That is call 5 a | Regular Bach, whoſe Sorfuep: 


| is compoſed of Regular and Equal Figures. And 
| _— Nw __ are 8 e mio 52 . . 


a "1 % + 8 | 
»:+ 8 * 21. 9 94 5 


" * ” 
* 4 Po 7 . * 7 * * * 4 \IF 
wg + «f 2 1 — 1 4 OE * Tat 
* . i 


36. The 


g Baſe is equal to each Side. 


| Found by Multiplying the Baſe by ; 
4 of the Altitude; which 1 the 


| & Cor. of ave. 12. 9 0 | 
38. "Phe Ofabedin; which is Noubded: by . 


mids put together at their 


| either (here they are both | BY 
85 join d together in the middle eee 
the Figure) by one third of the Perpendicular Al. 


36. The Terrabeitivn, which is a e com. 
prehended under four equal and 
equilateral Triangles; fo chat its 


Wherefore its Solidity will be 


'com posd RR 


Squares, like Dice Which 
are us d in play. 


Is Solidity will be n 


* and Ster Tri- 
angles. 
Thi Figure * two yes | 


Baſes : Wherefore its Soli- 
dity j had by Multiplying 
the Quadrangular Baſe 7 


tude of one of the Joined Fyramids, and then POS - 
"he Product. 


ELL The Dodecabedron which i is + cqmaned wider Ws 


— de — — — — — 
W * * . | Y 
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Selen a ee 
27. The Hexahedron or —- 
Cube, whoſe Surface is | | | 
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nes equal and equilateral Pentagons. 
us Figure conſiſts of twelve Pyramids, with Penta: 
es, whoſe common Vertex # the Center of a Cir- 
3 — Sphere: Wherefare ann que of theſe. twelve 
Pentagonal Fes, Mule plied by + of he diſtance between 
the Center of that Baſe, and the Center of the Sphere ; 
and then that Produft Multiplied 9 rale, Hives the | 
Solid Content of th Regular Rady.. 
40. The Icaſihedron, went of Gain equal. and 


Thi Figure u 2 
20 Triangular Pyro- 
mids, all .equal to ane. a- 
werber, aud whaſe Vertex 
us the Center a Circum- 
2 ſeribing Sphere : ye 
any one of the 20 Triaugular Faces, Mur plied by 
22 the Diſtance between tha Center of the Faes and the 
Center of the Sphere, and that Produft Mulriplied, Jain 
by - wa ives its Solid Content. 


| des theſe five Regular 2 js, "ris not poſ- 
able to find any others that e to the 
Definition; which is thus Demonſtrated. a 

No begin with equilateral Triangles, which are tlie 


moſt ſimple of all Rectilineal Figures. Of theſe Fo 
muſt be three at the leaſt to mate a Salid Angle, and 


2 join d e juſt make the Terrs- 


e three. Triangles meeting in a 2 3 
do 4 a * Baſe | 5 milar and equal to the 1 
re n fn by che hare Compotignn of -che 
| re. Four Triangles join'd together in aPoint make 
the e Angle of the Odtabedren. 
By joining five ſuch Triangles rogerher, rhe Angle : 
of the Tcoſtbedron is form'd. 
Baut fir ſuch Triangles joind in a point cannot make 
a Solid Angle: Becauſe they make four Right Ones 
7 6 mM n i « an e N 7 5 8 wwe, 
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| uk * of Sröru v. 750 
or } of one Right Angle, either of which Fratt ions Mul- 
ripe 2 7 Lag four Right Angles.) Whereas eve- 


e is made up of ſuch plane An nes 3 
955 ether muſt be leſs than four Right Ones (5 


So — with Triangles tis impoſſible to form. any 

more Regular Bbdies than theſe three. _ | 
Nexr, if youifake Squarts and join three of them 

together, they will make the Angle of rhe Cube: 
And there can no other Regular Body but 4 


* 8 bp 
ther, you will conſtitute the — of the om al 
hedren : Bur four inch Angles cannor make a..Salid 


One. 


And laſtly, Three evans oined t ogether do 
make juſt four Righ 2 they can- 


not make a D's Fe 1 as for three Heptagont, 

or other Figures of yer more Sides, they can muctr 

leſs do it; (becauſe rheir An ples ng very Obtuſe, 

three of them will exceed r Right Ones.) So that 

upon the whole tis plain, that * theſe five Regular 

| Bodbies, three are made of Triangles,” one of Squares, 
wank _ wolf 2 _ ne be no * 


as 
* , - 2 
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"HEN we ſpeak of Maguitude, 
and fay, that any Quantity is 
grear, we always make a'Com- 
1 pariſon between chat Quantity 
* and ſome other of the ſame Na- 
rure, in reſpect to which we ſay that it is Great. 
Thus we ſay of an Hil, that tis Little; or of a 
Diamond, that tis Large; becauſe we compare that 
Hill, with others that are Higher, and in reſpect of 
them tis Lirtle ; and we compare that Diamond, 
with other that are Little, and in reſpect of them, 
we ſay tis a Large one. dans e 
2. When we conſider one Quantity in reſpect of 
another, to ſee what Magnitude it hath in compari- 


wa 
* 
1. 


N ſon 


* 


— 2 
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ſon of that ober: The Magnitude ſo found, is callxd 
its Ratio or Reaſon ; tho ir would be more incelligi- 
ble if it were call'd Compariſon. | 
3. That Quantity which is compar d with another 
is call'd the Anticedent; and that other with which 1 
it is compar'd, is call d the Conſequent. 5 
4. When we conſider four Quantities, and coni- 3 
_ them (by Pairs) two with two; as « four, 
with 5 2, and c 6, with d 3. If we find that a hath 
as much Magnitude (or is as big) in 
c compariſon of b, as e hath in compa- 
riſon of d (1. e. When we find that e 
1 contarudits in, or doth contain b:: a 1 4 ls 
often as C contained in, or deth cen- 4 : 8 
tain d) Then we ſay, that their Ra- | 
5 rio's are equal; that is, the Ratio that 4 hatli to bh 
. is equal to the Ratio of c to 4: For as a is twice as 
big as b; ſo c is twice as big as d. 1: 
5. But if 4 4, hath more Magnirude in reſ ect off 44 
b 2, than c 6 hath ih reſpect of e 5. Thar is, if as 4 + [J 
is twice as big as b 2, qs be found not to de twice s 
big ſ as e 3. Then the Rario's are unequal : And we N 
ſay, a hath a greater Ratio to b, than c hath to e _ 
So that to have a greater Ratio, is nothing but to 
bave more Magnitude, or to be bigger, in reſpect of 
© ſecond Term, than a chird is in reſpect of a fourth; 
6. The Equality of Ratio's is ſta Proportion; 
and when we find that of four Quantities. or Num- 
bers, the firſt hath as much Magnitude (or 35 as i 
in reſpect of rhe ſecond ; as the third is in reſpect — | 
the fourth; then we ay, chat thoſe _ Quantities Zo 1-3 
are P ricnali. | 4 
The better: to make the Myſteries of Proportion ended 18 135 
prebended, which poſi for the moſt difficult things in Ge. 
| Ometry, 45/2 nqueſtionably they are moſt 2 8 ͤ © 
vil OR them Ps an — 2 which 45 in at N 44 
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nion) will render all theſe things very Intelligible, which 
otherwiſe appear very perplext. 
7. Let us imagine the Circle h A d to be deſcrib d 
by the Motion of the Line o b, round the Center o. 
ThE. And at the fame time, let rhe Cir- 
A cle c ae be deſcribed by the Moti- 
vr on of a Point c, in the Line o b. 
Let ns ſuppoſe alſo that the Line 
ob be moved once round again, and 
at laſt to ſtand in the Poſition 0 d. 
Let the Ark d B & be called B, and 
| the Ark eDc, be calld D. Ler 
A be put for the whole outer Circle, and 4 for the 
whole inner one. . 
No if we compare the whole Circle A with its 
Ark B, and the whole other Circle à with irs Ark D. 
We ſhall find plainly, that the Circle A is juſt as big 
in reſpect of the Ark B, as the inner one a is in re- 
ſpect of the Ark D; and therefore if B be a fourth, 
or any other part of the Circle A, D alſo will be a 
fourth, or the ſame proportional part of its Circle 4. 
Which we uſually expreſs by ſaying, as A is to B, ſo 
is 2 to D. And write it thus A. B:: 4. D. or 24. 
. 7 | | 
8. If you ſhould change the Order of the Terms, 
and compare B with A and D with 4; you will find 
plainly that B. A:: D. a. So that ſuppoſing A. B:: 
a. D. we cannot but preſently conclude by Inverſe 
Proportion, that B. A:: D.a 
9. If you change them ſo as to compare Antece- 
dent with Antecedent, and Conſequent with Con- 
ſequent; you will find Alternately, that A. 4. :: B. 19 
D. And this is very plain; for if the whole Circle k 
A.be double, triple of, or in n Proportion, j 
to the Circle 4, the Ark B muſt be alſo double; tri- 
ple of, or in the ſame Proportion to the Ark D; for 
Aliquot Parts will be as their wholes. This I . 


5 
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a pants becauſe the two Circles A and à are deſcrib'd 
by the Motion of the Line oc; fo that while b des 
| ſcribes the Circle A, c deſcribes the inner Circle 43 
and while b deſcribes the Ark B; c alſo deſcribes the 
Ark D. And this by one common circular Morion ; 
only the Point e moving much flower than the point 
b, deſcribes a Circle much leſs, in proportion ro tlie 
ſlowneſs of its Motion t Thus alſo when- the Point 6 
' ſhall have deſcribed the Ark B, the point c in like 
manner will have deſctib'd rhe Ark D, which will be 
much leſs than B; in proportion to the ſlowneſs of 
irs Motion: in Numbers 24. 8 : : 6. 2. | : 
10. If we compare the differences between tlie 
Antecedents and Conſequents, with | 
their Conſequents; as for Inſtance, 
A leſs B with B, and 4 leſs D with 
D, we ſhall find they alſo are Pro- 
portional: And that A leſs B B:: 4 
eſs D. D. 18. 6: : 6. 2. 7 
For tis manifeſt that the Ark . 
b Ad (Which is A leſs B) is to B, as 
the Ark ce (which is 4 leſs D) is to D. And this 
is call'd Proportion by Diviſion. | 
11. If we add the Antecedents and Conſequents 
together; we ſttall find that A,moreB, is to B:? as 4, 
more D is to D. Which is calld Compaſition. In 
Numbers 30. 6 :: 18. 12. ' ah ae 


12. And if we ſhould ſay, chat A. A leſs B:: 4. 4 | 1 


leſs D. This Kind of Proportion is call'd Converſion. 
You may alſo infer by way of Mixing the Terms, as 
ſome call it, That A B. A- B:: a ＋ D. a—D: 


. 
- 


or that A+B. 2＋ D:: A—B.a—D. Se. Thar 
is, 30. 18 :: 10. 6 and 306.10: 18,6, Oc. 


enure himſelf to all the Changes and Varieties o 


Propottion, and to have them teady in his Mind z -* 
Becauſe a great many Propoficions in Geometry, 2 
. „„ they © | 


<2 
„ 
o | — 7, 2 N 3 1 


84 ELEMENTS --: 
they have been delivered by the Ancients, and pur- 
ſued by the Moderns that have trod in their ſteps, 
are demonſtrated by Compoſition, Diviſion, Alter- 
nation, and Intermixing of Proportion. OR 
13. If never ſo many Quantities, are thus Propor- 
tional: It will be as any one Antecedent to its Con- 
ſequent:: So is the Sum of all the Antecedents to 
the Sum of all the Conſequents. v. gr. 


If 4. 12 :: 2. 6: : 3. 9:: 5. 15: then ſhall 
14-42 33% 4. 12. | | 


14. Fa. ie, . | 
4. 12 ::3.9 and alfo 


„ F534. 
12. 36 :: 9.27 


Then will it be by Proportion of Equality. 5 


4, F 2ꝛ 6, f. 
4.36 12808 


The Reaſon of which is plain, if you conſider, That 
ſince h. f:: d. g: J, and g, muſt needs be either Si- 
milar aliquot Parts, or Equimultiples of h and d. And 

therefore ſince 4 and c, are to þ and d, in the ſame 

Ratio as b and d are to f and g, 4 muſt alio be in the 
ſame Ratio to f. the Part or Multiple of b:: as c is 
to g. the Part or Multipie of d. E Tt 


H „ 4... 


I 


12. 43:5 9. 3 and then, 
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| Then will 4. 2 E 
| 12. 2: 128 5 


Which is led. Propieeio ex equo perturbata : and chis 
muſt be true: becauſe 12 containing 4 as oft as 9 
contains 3: and 4 containing 2, as oft as 18 con- 
rains 9; 12 muſt contain 2. as often as 18 contains 
23. Wherefore this is only the orderly Proportion of 
Equality diſturbed, and therefore is by ſome called 
Inordinate Proportion. 
15. If B be taken as often as D. ex gr. 3 B and 
3 D. we may conclude that B. D:: 3 B. 3 D. or as 
10 B to 10 D. alſo as 12 B. to 125 D. And ſoon 
in whatſoever Proportion the rwo Magnitudes B and 
D are mul tiplied, ſo they are multiplied equally, or 
that you take one as often as you take the other, For 
then there will be the ſame Proportion between the 
M agnitudes thus equally multiplied, as there was be- 
rween the ſimple Magnitudes, before ſuch multipli- 
cation. And theſe Magnitudes thus equally multi- 
plied are call d Equimulciples of the ſimple Magni- 
tudes B and D; and we ſay that Equimultiples are in 
the ſame Proportion as ſuch ſimple n out 
of which they are compounded. 6 
16. If B be divided in the fame manner as Di is; 
and ex gr. you take a fourth part of B and the like 
of D. or the tenth or any other part of B and the 
ſame of D. Then will theſe Parts be Proportional „ 
to their wholes, B. Dt B or B) is to 4, or 12 D. 
All wink is Self. evident. 
117. To multiply one Line by another ls to make © 
RNectangl'd Parallelogram, whoſe two 


Contiguous Sides ſhalt be che rwo _ ; nn 
— — 


Lines 1 Thus, if you multiply the 
Line A by B; tis the ſame ching asro 5 
make the Rectangle. a bc d; whoſe 4 Br: > 
| Sis « þ is equal 19 A and ae 0 . 1 2 8 rg 
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18. To multiply a Rectangle, or any other Surfaee 
by a Righrline, is to make a Rect- 
5 angled Parallelopiped (or Priſm) 
(5. 9) whoſe Baſe mall be the Sur- 
face given, and its Perpendiculat 
_ _ heighr the Line given. 
. Thus to multiply the Surface 4 & 
as to make a dc by the Line E, is the ſame thing 
face given a ; lid a bfg he whoſe Baſe is the Sur- 
the Line giv,” and its height ae or bf, equal to E 
19. All Mu- 
As if one \j/agnirudes may be expreſs'd by Lines 
or in any agnitude be double. or triple of another, 
of which other Ratio, two Lines may eaſily be taken, 
0 invany one ſhall be double or triple of the other, 


2 


tudes + other like Proportion with thoſe Magni- 
Hou: So for Inſtance, to expreſs two times, as one 
r 


and two Hours; or two Velocities, of which 
one ſhall be double tc the other; you need only rake 
two Lines, as a double of b; and then you may ſay 
that à repreſents two Hours or Velocities, and þ an- 
ſwers to one of each: and then you may proceed 
ITO Wi with thoſe two Lines, as with the Hours 
and Velocities themſelves, &c, 5 
20. To know the Proportion of Rectangles, the 
Ratio of the Length of One to the Length of the 
Other, and moreover the Ratio of the Breadth of One 
tro the Breadth of the Other muſt be known, 
For Example; To know what Proportion the 
Rectangle ac hath to eg ; Tis not 
enough only to know that the Length 
ab is triple of eh; but it muſt be 
known alſo, that ad is double of ef. 
For if a # be taken equal to , the 
| Rectangle b # will be triple of e g, be- 
cauſe ab is tripie of e h, and az equal to ef. And 
moreoyer becaule i 4 is alſp equal to a i, or ef o 


* * - y - 
\ ** . e n . r 
* * 0 
- 9 * 
5 — 
* 


unn 


Rectangle eg : that is duodecuple 


twice triple, or in one Word Sex- 
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« d is ſuppoſed to be double ot 4 i, and of ef) the 
Rectan mw i c ſhall alſo be triple of e g; ſo that the 


6 7 ngle ac is twice triple of the Rectangle 


; th =” is, alas of it, or containing it fix times. 
And what we ſay now only of the double or triple 


. Ratio of their Breadths and Lengths, is alſo ro be un- 


derſtood of any other Ratio, be it What it will: For 
if a b be quadruple of e h, and a d triple of ef, the 
Rectangle a c, will be three rimes ores of the 


ir, or doth con- 
tain it twelve times. 


But if 4 b be duodecuple of e þ, and at the ſame 
time ef be Triple of a d, then there is a certain Com- 
IR made: For if Reſpect were had to their 

readrhs a b and e h only, the Rectangle ac would 
exceed the other, nay indeed con- 
rain it 12 times: Nevertheleſs this a_ 8 


excels is loſt (in ſome Meaſure) in (HHHHTFHR 


reſpect of their Alrirudes orHeights 4 * 82 : 


ad and ef, which if only couſi- 


der, the Rectangle eg would be 
: Triple of ac, Bur then when we $8. 


come to compare theſe ſeveral Ex- | 
ceſſes and Deficiencies together; we ſhall find. that 
the Rectangle « c being one way 12 times greater, 
and the other way three times leſs than e g, will be 
at laſt but only four times as great. | 


21. And this is what we mean, when we ſay, chav” 0 
all Rectangles are to each other in a Ratio e "=" 


of that of their ſides; for if a h be 


eriple of e h, and a d double ot ef, a ; 974 


the Rectangle a c, ſhall be ro the i 


5 . 


Rectangle e g in a Ratio compoun- — 
ded of the ripe and the double, 3 
chat is, it ſhall be thrice double, or LEM 


tuple. 80 ally if 8 b were quadruple of e h, and 4 1 
F<. 1 I 


triple of ef; the Rectangle a c would then be to e x 
in a Ratio compounded of the Quadruple and the 
Triple; fo that it would have been three times Qua- 
druple, or four times Triple, or in one word Duo- 
5 decuple of e g. n 
| Moreover, if 4b were Duodecuple of e h, and 
| 4 d Subtriple of ef, (chat is, if ef be Triple of a d) 
the Ratio of the Rectangle a c to eg would be com- 
pounded of the duodecuple and ſubtriple Ratio; ſo 
that 4c, would have been 12 times ſubtriple of, or 
in one word Quadruple of e g. £6, 

If you take the third part of a Crown 12 times it 
will malle, or be equal to four whole Crowns : So that 
four Crowns are 12 times ſubtriple of one Crown; that 
is, do make 12 thirds of a Crown, 2 

22. From whence it will appear that if the ſides 
of two Rectangles are reciprocally Proportional, thoſe 
two Rectangles are equal: For if a b be double to 
eb, and reciprocally h g be double to 

l cb: Or if ab be triple of e h, and 
4 —— 2 then h) g be triple of bc; or in a word, 

emb if whatever Ratio ab hathtoeh, hg 
a hath back again the ſame Ratio to b c, 

9 tis plain that as much as the firſt Rect, 

ankle ac exceeds the other in length, 
juſt ſo much is it exceeded by the other in breadth; 
ſo that the length of one Compenſates for the breadth 

of the other, and conſequently they muſt be equal. 
And from hence is deduced this moſt uſeful and im: 

portant Propoſit on] That. 5 


1 
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5 "hi Quantities 2 Numbers) be p 
Beni, the Product ariſing from the lhe Se 
of the. two middle Terms, is al- 
ways equal to that, which is made 


4 * 
by the Multiplication of the two . 
Extreams. As if a b. eb ;; by mit 


619 err 
1 ay, from the Multi lication 115 + 

ug the extreams a b by bc there "= ; 
roduced.. the Rectangle ac: - / 

0 by multiplying the middle Terms eb RY 

h > & there is produced the Rectangle eg; and thoſe. 
o Rectangles a c and eg are equal. (6. 27). 

(Becante as much longer as a bus than e h, juſt ſo 


mucb longer h g than bc), On which! is founded 
the Rea n of 2 Golden Rule. * 


COROLLARY. 


"Sm ; if in two STE of Diſereter Proportia 
nals, the four middle Terms are the ſame: As if 
ad : c, d, and then alſp e. b:: c. f. I fay it 
will be as a. e: So will reciprocally 7. 845 
For ſince the middle Terms are the ſame in both, 
the Rectangle 4 d will be equal to e, and conſe- 


quently their Sides muſt be reciprocally proper. 
nal; hat is 4, :: f. d. 

What is thas 4 by Lines and Rectangles, mr 
be done by any Quantity whatſoever; becauſe a 
Quantities can be expreſs d by Lines; and all Multi- 
plications of Magnitudes by Mulriplications of Lines, 
1. e. by Rectangles. (6. 24). . 

24. When ReCtangles have their fides Prop x 2 
nal, ſo that ab. e h: ; ad. ef. then is the Re 
a c to the Rectangle e g, in a Duplicate Ratio,ro that of 
their Sides; For che Ratio * 40 P *& is * 


N a 
- + 

8 

2 "i me LY ** . 
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ded of the Retio of « b to eh, and of the Ratio of a d 
5 to ef. (6. 26). But the Ratio of 4 b 

a b toe h is in this Caſe, (by the Sup- 
poſition) the ſame as the Ratio of 

4 44 toe; ſo that to gain the Ra- 
e tio which the Rectangle ac hath 
. to eg, we need only rake twice the 


Ratio of a b to e h. For Example, 

8 if as here 4 b be double to e h, and 

4 d double to ef, the Rectangle ac ſhall be twice 

double, that is, Quadruple of the Rectangle e g. And 

if ab had been triple of e h, and e 4d 

triple of ef : Then the Rectangle ac would have 

been three times triple, that is nine times as big as eg: 

Or if a b had been Quadruple of e b, 2c would have 

been 16 times as great as ep. 11 | 
25. If a third Line be taken as 0; and it be ſo 
rtional that a b. eh :: eh. no. Then 

2 . 0 mal the two Rectangles ac and eg be co 


dne another as the two Lines a6 and 0 
(vid. Fig. Preced.) he x el 
For ab is to no in a duplicate Ratio of abto eh, | 
And if 4 b had been, (as it is double,) triple or qua- 
druple of e h: Then would 4 b have been in a Ra- 
tio three times Triple; or four times quadruple of 
(that is nine or 16 times as great as) the third Propor- 
tional no. 0 YO NEE. 
26. Thoſe Rectangles which have their ſides thus 
ional : Thar « b. cb :: ad. ef, are called Si- 
milar, whoſe Homologous Sides are thoſe which an- 
ſwer each to other in the Proportion, as «ab and e h, 
or ad and ef: For as ab is the greateſt ſide of the 
Rectangle ac, ſo e bis alſo the greateſt fide of rhe 
Rectangle eg, | — 8 


27. Al 


. 89 
1 mn , 8 bp ka ww? Cache h ; 
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27. All Squares are ſimilar Rectangles. For tis 
plain that if a b be double or triple of # þ, am muſt 


allo ee or triple of þ i 1 
Becauſe. «am is equal to ab, 13 
and h i to eh. vs, | 40 "Ll . 
28. All ſimilar Rectangles {LOR 
are to each other as the Squares 
of their Homologous Sides, I 11 


ſay rhe 3 a c is to the 

Rectangle eg:: as the Square h m to o the Square o i. 

For as well Squares as Rectangles are to one another 

in 0 * licate Ratio of ab ro eh (6. 29, 30). 

N Lo know the Ratio between two Solid Rec. | 
—_ or Parallelopipeds there ought to be known the 
ſeveral Ratzo's that their Baſes and Heights have ta 

each other; becauſe the Ratio of one Solid ro ano- 

ther is compounded of rhe Ratios of their Lengrhs 
and Breadrhs and Thickneſſes or Heights; as is ea- 
fie to concieve,if that be well underſtood which hath 
been ſaid about the Proportions of Rectangles. For 
if one Parallelo en hath its Baſe double to Uh om 
of another, irs Height, triple of the Height 
the other: The former will be twice triple, or three 
times double, or in one word Sextuple of the latter. 
30. If rhe Baſes of two Parallelopipeds be Recipro- 
cally as theit Heights, thoſe Parallelopiped are equal? 

Which is proved by rhe 27th of this Book; for as 

much as one excceds the other in Breadth andLength, 

ſo much doth the other exceed ir in height, _ 
31. When Parallelopipeds have all their ſides Pro- 

portional, they are called Similar; and they are in a 

Triplicate Ratio of their Sides, asũt hath been proved of 
Rectangles, that they are in a ds queen Ana of - - 

their Sides | 

32. Similar are are to one another 
as the Cubes of their Homologous Sides; for both 

Cubes and Parallelopipeds are in a Tyi plicate Ratia 

of their eme e . 4 All 
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334. All Rectangles having the ſame or equal 
Heights, are ro one another as their Baſes, and ha- 
ving the ſame Baſſes their Heights are equal. 


Let the Rectangles A and B be between the ſame 


Parallel Lines df and ca; ſo chat ad be equal to cf: 


then do! ſay, that A. B:: ab. be That 
£—£-—4 the Rectangle A. is to the Rectangle 
B[ A B. as the Baſe a b. to the Baſe be: And 


ch 4 that if, for Inſtance, b be double to bc, 
then ſnall A be double to B. For A is 


nothing but the Line b 4 multiplyed by d a. (6. 17) 


and B is nothing but the Line c multiplied by the 


ſame Line a d or (which is all one) be or fc, Where- 


fore (6. 15) A. B:: ab. bc, 90 


35. All Parallelograms which are between the ſame 


Parallels (or which have the ſame Height) are as their 
oft | | Baſes. I ſay the Parallelogram e b is 
to the Parallelogram bg: : as the 
Baſe a b is to the Baſe bc, For ha- 
ving made the rwo Prick'd Rect- 
— angles on the ſame Baſes, thoſe 
h will be equal ro the Parallelograms, 


(by 3. 14). But thoſe Rectangles are as their Baſes 


(by the Precedent). Wherefore the r 
mult alſo be as their Baſes; Thar is eb. bg: : 


a b. be. © | 


36. All Triangles (which have the ſame Heights) | 


der u denen the ſame Parallels, are as 


their Baſes; For they are halves of Parallelograms. 


(3. 8). 


Line, and their Vertices or tops meeting in the ſame 


— 


37. When Triangles (as thoſe in the followv- 
ing Figure) have their Baſes on one and the ſame 


Point: they are taken to be between the ſame Paral- 


lels, as ad e and c de, and ade and bde( becauſe they 


have the ſame Perpendicular Height.) 


N 
* 
\ 


b RO B. 


£250 b, then ſhall the Triangle ec d be 
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PROBLEM, J. 


Henee may a Trapezium as 4 b c e, whoſe cw 
ſides 4 b and ec are 1 
parallel, be divided | | : 
in any given Ratio. 
For take cd = ab 
and draw ad, then 
will the As 4bf and FS 8 
Fed be _ (by: if | 
14. 2) conſe- e” 11 T * da h 
quently the A ead 
= Trapez e a b c. > Wherefove'if na divides 26 
Baſe of the A ead into any number of parts or ac- 
_ cording to any Ratio, Lines drawn from the Ver- 
tex to ſuch Diviſions of the Baſe will divide the A 
e a d, and p n the Trapezium, in the ſame 


* 

If in any Triangle a Line be drawn Parallel 
to 5 Baſe, that Line ſhall cut the Legs Proportio- 
nally. Let the Triangle be abe, RE 
and ler the Lined e be Parallel to e. OY 

1 fay that ad. ae :: ab. ac: 
d b. e c, &c. Draw the Lines d * 


to ead, as the Baſe e c, is to a e. (6. 
40, 46). So alſo the Triangle de h is 
toe a2 d:: as the Baſe d b. is to d a. 
But the Triangle ee d is equal to d e (3.150 3 1 
fore the Triangle b de (or ce d) is to the Triangle 
4 d:: as b d. is to d 4: : or as ce to e. Therefore 
alſo muſt h d. da:: c e. e a, becauſe both the Ratio of 
d to da, and alſo chat of ec. ea, are the very ſame 
with thar of the Triangle b ed or ce d, to the Tri- 


angle a de. 
COROL 


{ 


| - N Ling oy drawn 
| el to the Baſe of any Tri- 
c angle the Segments of the Sides 
L geen” RF a, , c. _ x will be pro- 
„ rtional, for wing o x pa- 
aL 7 * ee 5 
| bur x. o:: F. e: wherefore 4 . b:: 
H e. Q. E. D. 
| 39. If in a Triangle, as acb, you 
> draw a Line de Parallel ro the Baſe 
Ks cb, I lay, chat e d. b:: ac, ac :* 
x or as 4d. ab. For drawing ef Paral- 
e d lel to 45; fb will be equal to ed 
c 1 (3. 9). Bur by the Precedent f b. cb: 5 


ac, ac. Wherefore ed. (fb) cb : 
4 e. c. or as ad, to 4 b. 


/ ' 
N M q 4 : * N * 1 „ oy * F, Fy * N 
* * E ' * 9 n . ta * , ; "PIR OI the. ah lat * 2 ä | : Wl 
* 1 N : * - v C a . : 0 . 
* , 1 . 7 
1 1 © = a 1 * F n * . * " 2 * be 
| > tg 4 ; 0 * . — 7 

*. U 


PRO B LEM L 


Two Lines a and b being given, to find , 
\ 4 third Proportional to them. 
Make any Reckilineal Angle, and from the Vertex 
or Top of ir, ſet the two given Lines down on the 
Legs, as you ſee in the Figure. Ser alſo b downward 


join 8 T, and draw NL Parallel to ic 
be e, the Line ſought; For 3. þ:: l. e. 


. 


7 


PROBLEM II. 


If three Lives as d, b and c had been given, 
to find a fourth Proportional (as d) to 
them, or to work the Rule of Three in 
Lines, you muſt proceed thus. 

et the rwo firſt Lines à and h from the Vertex 


down on the ſame Leg; and then ſer c the third 1 
Line, from the Vertex on the other Leg: Draw the 


Line T S, and thro the Point L draw LN parallef 
to it; So ſhall T N be equal to d the fourth Pro- 
portional ſought ; for : a. 6 : : c. d. by the Precedent 
Propoirions | 5 


— — 


QU 


Q -N. 


And this way 
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5 4 c by * * - - 
1 er; * 
4 * 


e Ut 


that pal! _ wh the ProduRt of ay co 


Nambers or Danthties Or the Code | 


f one died by the orher, 


For fiice in a Multi icatidn, as 1: is to 
Multiplieator:: $o is the Mulriplicand to the Prod 
Abd fine th Diviſon as the iviſot is to 1 :: 80 13 


6 = 8 te the Quotitnt: You may take your 


4 1 off a Sxale, and finding A fo 
e hal to the kues firſt Terms, that be 
ocker, of 4 Voriem required; Thus if b were 


ts be thulriptied by e: make a;equal to Unity, d les 
off þ and t as before ſhew'l, fo thall 4 be the the Prod 

Orif 4 were to be divided by 6; take a = 1, and 
ſet off all things as Vee; ſo ſhall e be the Qui 
ent; for b. 6 :: 4.6. | 


* 
* 
* Ph * 
E a 
1 4 
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PROBLEM AV. 


To divide a given Line a b into any Nam 
ber of * Parts: As Juppeſe into $4 ix. 


* 


| Make ar aid boy two — And and on 
the Legs da and eb run 
with a pai of Compaſles, 
five equal Diviſions (for they 
. muſt be always one leſs in 
Number than the required 
© Diviſion or Parts of the Line 
given) drawing alſo Lines 
acroſs from one Point to the 
other, as you ſee in the Fi- 
| ; ſo ſhall rhoſe Lines 
| 1 5 the given Line 26 
into the ſix Parts required: 
Foor the croſſing Lines being 
| Parallel one to another, 
muſt divide a in the ſame — as 4 d and be 
are divided. 


PRO B.- 


1 8 4 4 ; \ 7 1 
5 . 4 - — * % 
* a 

» ' . 


| Book VI. ? of Sbm thy * "wv 


PROBLEM V. 


te FT a given Line ab late two Path 
fo that they ſhall be to each other as the 
Line Cro D; or in any gives Ratio. 


Make 3 any . with thi given Line 4 b, rand ſet 
the Line e from its Vertex a; 5 And ſet the Line: 
Line g, aid draw the | 

b, and thro hd 
1 to it, as f d: So 
— the Point 4 divide 
a b in the Ratio r * 
For C. D: 2d dt. 
And much the ſaine 
way may you cut off from 
any given Line a 6 any 
part or parts required; 
as ſu e . | 
Make any Angle asg ab | 
ooh before, and ſet on the 1 Fe i 
ag, ag equal to five par en off from any 
Scale: Then et two ck pang from à to f, join 


gb, robe ol lien afar Sy . 
to J of a b. i 


9 n 


255 L 8 3, 


7 
* 
* 


new ELEMENTS. 
| hes Thoſe Triangles are called 


three Angles reſpectively equal to one 
5 5 1 another, or which are Equiangular : 
the Angle B to b, and C to c, then the 
whole Triangle AB Cis Like or Simi- 
lar to the Triangle ab c. 


39. All Emilar Triangles have their Sides about the 


5 re pet I ay, AB. 4 U:: AC. 
1 c For take, in the greater Triangle 
ABC, Ab 8220 to a b, and A c equal toa c; then 
will the Triangle A b c be every way equal to a bc 
(2. x1). and the Angle A bc is. equal to the Angle 4 bo: 
Wherefore i it will be alſo ro B, which | the ſuppoſi- 
_ was equal to a b c, and therefore c þ is Parallel to 
CB ( 1. 31). and r a (by 6. 4¹ 1 Ab. 
AB::Ac. A C: 


COROLLARY. ix” 


a a Quadrilateral Figure as hc 4, be i 


2 a Circle, the 
ngle-under the Diago- 


8 1 e ee 
. And e ES 


That is, a c x b d 


cad; and then adding 
the Angle e 4 f to both, 

the Angle baf Sead: 
And the A 4 4 d ſimi: 


ele need: babe Of, thi 
F beſe Then * 4 & Again Þ 
O 


9 > 1 
een 
8 >» 
* a jj" 
«* — 


* | TN Similar, which have all their 


v. gr. If rhe Angle A be equal to 2, 


kithed 
ects. 


Sed \' @wm. R 1 = W's. 3 gt 


FN, dad be, 
make the Angle bae = 


* 2 


” # = -” aff had... 
: * — 


Book VI. Of GeOMETRY. fot 
ſo 4d. de:: 40% ob. Whetelore z44ncb= dex Abs 


4c. But 4c u he LA Ned 54. Where. 


e 2 8,2, 


Cond u. 


The Segments of Lines incerfdting 80 Gderi 
rente, 11 ES: 
HR RED HET 2 5 5 : 
ſimilar - Taangies err d , eu 
wherefort alternately c. d:: = W 
sf. wherefore f = de. 0 
40. All fimilar Triangles are in a Duplicate Ratio 
of, or as the Squares of their Homologous Sides; 
for ſimi lar Triangles ate the Halves of ſimilaf Paral- 
lelogramis; wherefore they muſt he as their Whokes, 
41 . Similar Polygons are thoſe which having an & 


qual Namber of Sides have all 
the (ſeveral 


les inone, equal 
ter thoſe woke, nd 10 
rhe fides abour thoſe e. equal An- x 
gles al. * if che 
Angle & be equal to 4 B64, yy be es 
1 J:: BC. eee 
de:: CD. ed than CY CER” 


12 ELEMENTS 
442. And among Curvilineal or Mixt Figures, thoſe 
are Similar in which you may inſcribe, or about which 
you ma Circumſcribe fimilar Poly- 
gons ; ſo that any Polygon being 
Inſeribed or Circumſcribed about 
one Figure, you may Inſcribe or 
Circumſcribe a Similar one about 
the other. For inſtance, if having 
Inſcribed any Polygon as ABCDE 
in the greater Curvilineal Figure, you 
can Inſcribe another in all reſpects 
Simnilar roit in the leſſer Curvilineal Figure 4 b c 4 e, 

then. thoſe two Curyilineal Figures are Similar. 

In like manner having taken two mixt Figures as 
_ rho og of Circles BA Cand hae; and 
having Inſcribid in on one 

ny Prion le at Pleaſi 


B AC, if chen you can In- 
FS de \ ſcribe in the other T 


Segment 

CY 97 | F another Triangle 6: Ac, that 

. n hal be Similar to the for- 
6 mer; then ſhall thoſe two 
Segments be ſimilar Figures. 


| And if the Circles of which they are Segments be 
© compleared, they ſhall be fimilar Parts of thoſe two 
Circles, ſo that if B A C be. a third part of its. Circle, 
5a c ſhall alſo be a third part of it cles And it to 
the Centers you draw the Lines B D and CD, and 


allo bd and ed; the Angles D and i {hall be equal. 6 
( (See 4.11. and the following Propoſitions.) | 


COROLLARY. 


The Peripherys of Circles are as their Diamerers : 
For as BA. ba::BD,b4:;2 BD. 264: : ſoir will 
be of every ſide of rhe Infcribed or Circumſcribed Po- 
| lygon; wherefore the Sum of them all, that is the Peri- 
pherys, muſt be in the f Nit . 5 At 


a0 © 2%... a 14 ov 5 


F 


a e r rob 


| a ſo is the whole Pol on 
TED 1 
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43. All Circles are ſimilar kigures. 2). 219000 ee, 

44. All ſimilar Polygons may be ne i an 
equal Number of ſimilat _ 1 
angles. Let the ſimilar Polg y- A $2008 
ons be AB CDE and CO ELIPE: N B 
and ler the firſt be divided in- 
ro Triangles by the Lines EB 
and EC (3. 14). I ſay chat if 
— other be alſo divided into 0 s 

war; by the Lines e h and 

e 1 all the Triangles in one ſhall be rupee) 
Similar'to thoſe in the orher. 

For Inſtance, I fay the Triangle 40 e is Similar ro 
AB E: for the Angle à is equal ro A by the fiippd»"+ 
ſition) and alſo AB. a b + AE. ae (by . 40 p 


qua 22 beet the ge 1 fo th 
uppoſition) equal to a h e, and it v. 


the laſt ſtep, where the Triangle ABE wi Tobey: — 


milar to a e) that the Angle be is equal to ABE; 


ben e from equal things taking away 1 we 


Angle EBC remains equal to the Angle e In” 
like manner the Angle ec b, is prov'd e . 
E CB, and conſequently (6. 43) the whole Trian- 
gle eb o will be Similar to EBC arid fo of the reſt; |: 
Hence the Practice of making on a Line given a 
Polygon Similar to one aſſigned is derived. For divi- 
ding the given Palygon into Triangles, make a Figure 
conſiſting of a like number of ſimilar n on 
the given Line. 
47. All fimilar Polygons are to one another in 4 


2 or as the Squares of their 1 4 


y as the — 4 of AB is 


the Polygon a bede. For ſince all 
the Triangles in one oF are Similar to hole 7 
9 in 


* 
* 
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: Nr 
| ir 
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4% All 6% 


— 
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—.— aus Si 
to the uare TI 


8 even e FR 


anothes3s rhe S | 
af on any: fide. of; an > Gps 
Figures, which —. be lu: 


8 ec  {6ribed os Circumſcribed a- 
? { g ; | bour-rbemv.gs. Let chere 


> Pp 


= 


digs is; r, and 


ELEMENTS 
(6 $3), Aim e 
Duplicate Rate, o 


1 etufo Cirales, 


Inſerib d turo ſmihar Tri- 


4B os bang ABC: 1 
edel ais to | the Circle. 4 5021 


77 of the Radu B 


vou pleaſę; (or. at ſeaſt ſuck an Ong n 
„K 0% But every Polygon pfocib'd 


to the- Yquare of BC 


e 1 


1 Cixgles.are.to 1 uanes 5 
Nadz, ar Diameter: for ſuppoſe a On 14 | 
then another. Circle. greaten (on- leſs): 


chan that; and call its Radius. R, then will ats Dia- 


| mixer be 2 
. R. 


R: then whateven the; Nie of the: Dia- 
ö let it — | 


Y 


in whidhare . 


"PR Squaxe of ij cr uhick 


So Fot in, or aboux 
& 4060 —— ot Circywfcribed, 


4 @ to che Circle, A, B C,. 
30: 


1 c: [wi * 
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Fr ne 
meter. * e an 
multiplied by R will be the Area; vi wy ns Re 


by te ame Method of reaſoning, che Area of U as ; 
other Circle will be re. Rur certainly RR, x76: : 55 


RR. ry :: RR. arn Wberefarce, Je. 
II. Hence * tis plain what, the Space ff of he Dit 2 


meter of any. Circle is wa the Area 
IRS LORE Periphery. 


for kk. KB. ak. n 
Wie als dae pg he Bene and mown 


1: Terms by one Inother, "IH by 1A, 
HL Hence allo dds plain was) W . 
ries, of; Circles are as. cher Diameters. nN 


1 


| That is, 2 R. 27 7; 2 Re. pre. „ 


'% Ard. finee the Area of every Circle i is. rr e, 
(That is, The Product of the Square of the Radius 
multiplied into the Name of the Ratio, between its 
Diameter and Periphery.) A very ready way for com- 
mon uſe. to find the Area of a Circle whoſe Radius 
is given, will be to multiply the Square of the Radius 
into this or ſuch like 1 2% 1. Thus ſuppoſe 
the Radius 9 Inches 
very nearly the Area in {quare Inches, tho ſome- = 
thing leſs. | 

47. All this may be apply'd ro Solids. And theres 
fore Similar Solids are ſuch, as have their Angles all 
equal, and the ſides about thoſe Angles Proportional ; 


1X 3.1 —= 211. 1. which is 8 . 


or (if they are of a Spherical or of any Spheroidical Fi- 


gure) ſuch, as can have ſimilar Solids Jnſcribd or 
| Circumſcrib' i in, or 0 8 them, Ge ene 
38. Simi- | 


106 ELEMENTS. 

48. Similar Solids are to one another in a 2 1/4 
cate Ratio of, or) as the Cubes (ef their Homologot | 
Sides, &c.) See 6. 36, 37, &c. 

(And therefore all Spheres muſt be to one another as 
the Cubes of their Diameters, &c.) Which may be ea- 
fily thus proved; The Solidiry of rhe Sphere may be 
expreſſed after this manner; by what is ſaid, in rhe 
Copollarys in P- 75, T6. | 

The Area of a great Circle of the Sphere whoſe Ra- 
dius is R or r, being RR e or rr e (by Cor. 1. Art.53.) 
A times that will be'theSurface of each Sphere; That 

is, 4 RRe the Surface of rhe greater, and'47 re 
the Surface of the lefſer : and multiplying the 
Surface by + of the Radius, the Solidities will be 


KHER. FD Which two Quantities be, 


ing multiplied and divided by the ſame, will be in 
the ſame Ratio, when without ſuch Multiplication 


and Diviſion: Thar 1 — Reg : :: RRR. 


77r, That is, Spheres are 2s the Cubes of their 
Radii, ard ER as the Cubes of N Dia. | 
Wai Q E. | ON 
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1 3 


e ee N 4 PX | Up ah 5 
PROBLEM, 


To find the Solidity of the Fruſtum of a Py. 

ramid or Cone, cut by a Plain parallel to 

the Baſe, baving given the two Baſes toge- 
ther mith the height of the Fruſtum, 


* * 


ale. By Prop: 32 of Solids a Pyramid or Cone is 
a 


equal to riſm or Cylinder, of the ſame Baſe 
and Altitude. Let mn = k the Altitude of the 
eee, a wth 6 en 3 
and m4 the height of Fade toi 


the Top piece. wanting, 
b; the Greater Baſe of 
the Fruſtum B, and the 
leſſer 5; The Triangles .. 


a p K and acg are Simi- : 
lar, (eg and p & being 4 "x 
parallel ex Hyp.) Where- cs ls 
tore og. g 4 :: NK, LI. 3 - 
and alternately cg. K:: „ 
ga. KA. But g 4. hat: e 


n 4. m a (from the Similarity of the Triangles, g an 
and k Am) wherefore ex equo og. :: mas ma 
and by Diviſion cg - k. PK:: 14 — 4A 
m. n. mA ; Which put into Symbols (putting c g the 
de of the Ee ee pK =) will ſtand thus S8— _ 
1 3 = h, Wherefore having found 
the Height of the little Pyramid or Cone which is 
wanting; I ſay, having found it in known Terms, it | 
will be eaſie to find the Solidy of the Fruſtum ; for 
multiplying the Baſe B into the whole height H h, 
355 the | 


by the aforementioned Propofition, 


required, viz. 1 = Solidiry of the 


ww) ELEMENTS _ 
the Product B H+ Bh= a Priſm of the ſame Baſe. 
and Altitude with the whole Pyramid or Cone; and 


b h = a Priſm or Cylindar of the fame Baſe and At; 
tirade with the leſſer Pyramid or Cone. Wherefbre 

| BH BY 
— — — —_ 
Solidiry of the whole Pyramid or Cone, and 


Solidity of the leſſer; now from the Sohdity of the 


Cane, there will be left, the Solidiry of the Fruſtum 
1 BH+B h — bb 


| 
: 
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49. If in a Rectangle Triangle a bealinewas 
be drawn from the Vertex or top 
of the Right Angle, out” abr. N 
to the Baſe, Hypothenule, or long- EF, Fd 
eſt ſide b: it ſhall divide the Tri- 1#7\ | 
angle « b c into two other Rect- TER Ws, 
angled ones, «a bd and d ac, which : : : 
will be Similar to each other, and 
to the 22 bac. For 1. An rhe "Em 
three les have one Right 
Angle. Angie. 2. Nie Inge riangles a be and 

4264 have the Angle“ common to both: Whereſore 
they are Similar (6. 45). 3. The Triangles a b c and 
ad c have allo the Angle c common to both; there- 
fore they two are Similar; and laſtly a bd and a dc 
being both Similar to one third Triangle a 'S 195 will be 
ſo to each other). | 

50. The Perpendicular a d is a mean or middle 
Propottional between b d and d c. That is, cd. d a: 
d a. d b. For the Triangles c d and bd a being Si | 
milar (by the laſt) c d (the leſſer Leg of the Triangle 
ed a) ſhall be rg ad (the greater Leg) :: as the {ame 
ad( 15 leſſer Leg o the other Triangle ad b) i is to 
d the greater Leg. (6. 46). 

51. The Square 7 4 wy is equal to the Rectangle 
made between c d and db, For, fincecd.da:: da. 


and d b is equal to the Rectangle of the mean Terms 
d a and 4 44 28). Bur the wo fides of thar Rect- 
angle being equal, becauſe tis only d a taken twice; 3 
that Rectangle maſt be the Square of 4 43 and ſa it 
may be laid dawn as an univerſal Theorems, that, Be. 
(the Square” of the Perpendicular drawn from the Ventex 


F any Rectangle Triangle to the Hypothempyſe, u equal 
to the angle under the 8 e of that * 
thenyſe. | 


$52. The 


— 6 WY * 
2 
Pp! 7 * . 8 
? 0 2 N L ” N 
n o 
- 
- 2 
199 — 


d b. (oy. the laſt,) the ReCtangie of the extreams c d © 


no. ELEMENTS . 
52. The Square of a mean Proportional is away 


equal to the Lectangle of the Extreams. 

PR OL E M I W 
Between two given Lines a and b, to find 6 
mean Proportional, as d. 


Join 4 and b both in one Line which make che 
Diameter of a Circle; and then at the Point æ, where 


the given Lines join, erect a Perpendicular as d; that 


hall be the mean Proportional re For the 
angle DR S being righ hr one 6 bens is a Semi- 
circle) b. 4 :: d. a, by Prop. 57. | | 


PROB. I. 


Acditins] thay you ſind a Line pal de Square 


Root of any Number or Quantity, by finding a mean 
Proportional between it and 1. For if b= 4, and 


2 I; n will d 25 equal e Rooc R 


3 


ER 
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PROB WL 


Thus alſo may 4 Squate be found eat to any 
Rectangle given, by finding a mean er the 
of che 


between its Sides, which ſhall be 228 Si 
vu * | 


PROB. WWE 
175 Jad 4 Square equ al to any 5a 


Find a mean Proportional between a P 


lar let fall from any Angle to an fire Side, ; 
the half of thar Side ; and thar ape ware”, the Se at of 
the Square required. | 


53. A Refangle being given to make anotber Red- 


angle equal to it, which ſhall have a ack given. „ 


x * the Rectangle given 2 c, and, let . 
it be required to make another equal to 
do it, . length of one of whoſe ſides Fi 8 
ſhall be che Line e here are now three e 
Lines given, hag a b and bc (which are + 7 
the ſides of the Rectangle given) and ef, . 
which muſt be one ſide of the Rectan- 
gle required. Therefore a fourth Line muſt be found, 
which ſhall be the other fide of tlie Rectangle ſought: 
which is done by finding a fourth Proportional to 
the three given Lines (6. 43) which let be e h. So 


that e f. 4 b:: be. e h. and then 1 Fay, the Rectan- 


gle f * is equal to d b, and is the Rectangle requited. 
(6. 27 


equal to «right Line ab, vid. Eucl. FP „ EC 


N. B., This is called Application of. the \Reflangle, - | | | 


112 


54. To expreſs a Rectangle you net aſe but 


three Letters. v. gr. When we ſay the Rectangle 


de: We mean a Rectangle one of whoſe ſides is 


bd, and the other d c. Bur if we ſay the Rectangle 


Je d, we then mean a Rectangle one of whoſe fides 
I 


55. In every Rectangle Triangle the Square of che 


Hypothenuſe is equal to the ($29: of 
the) Squares of the two other fides 
(or to the Sum of the Squares of the 
Legs), ; 

Let the Square b m, be divided by 
the Perpendicular « d e into the tWo 
Rectangles dm and dn. I ſay that 


„ Nn the Rectangle d m is equal to the 


Square of ac, and the Rectangle d u, 
to the Square of 4 U: and that by conſequ 
whole —— b m is equal to the Sum bf the Squares 
ofa band ac, For 1. The two Triangles a d & and 
abe being *imilar (6. 58). dc. cn {in the leſſer I ri- 
angle dc a) 1: as the ſame at. cb in the er 

Triangle a c b. Wherefore a is a mean - 
tional — een d e and c (or e ) and eonſequent- 
ly che Square of ac is equal to the Rectangle b c d, 
or d c m, that is 4 m. 719 | 
And after the very ſame manet may « þ be prov d 

to be a mean Proportional berween hd and 6 & (that 
i 6 n, Bec.) (for the Triangle a b d being Sithilay bo 
a he; d b the ker fide in ont will be to ba the pred- 


da:: Bi bc. (or bt and conſequently rhe Square of 


a b is run to che ReA»ngled bn, or d th. And ſo both . 


the Squares together, of ba, and a c, or their Sun, % 
ua ie tht Square of the Hpotbennſe. & E. D. 
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ence the 


ter fide ;, a that b a (now the Leſſer ſide in the other If. 
angle a b e i ro bc the greater de: That ir d b. 
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| Hence any two, or more Squares may eaſlly "— 
added together into one Sum. Let a b, bd, and e 5, 4] 
be the Sides of three given Squares, place ab and 4 


” Py 


at Right Angles,and draw the Hypothenuſe ad,whoſe 
Square will 7 to the Sum of the Squares of d 
and 4 h. Then ſer d a from + to e, and the given line 
e f. from b to f; So ſhall che Hypothenuſe fe, be the 
ſide of a Square equal to the Sum of the tlires 
given eee e ee e 


Nn 


* 41 * . * 5 0 1 % 7 5 £ - hs n - ” 
3" o N , $% 5 8 * 2 4 * 1 * 2 1 * 7 
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Or if two Squares be given, you may Subtrack 
one from the other, and find a Square equal to the | 
Difference between them. „ ĩ “]ỹĩ”1 OILS FCS} 

Let à and b be the Sides of the given Squares; 
make (rhe longeſt Line) the Radius of a Circle, and 
ſer b from the Center on the ſame Right Line with « 
at the end of , erect rhe Perpendicular p, which wi 

be the ſide of a Square * to the Difference be- 


* * 
1 oy . " 1 8, 
"oh % 2 5 1 r 1 
. o . 4 I F_ . - 
. W , - * * 1 Ys 
3 £ ” 
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= ** * | * 1 , 4 # 8 1 
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4 1 =_ * 2177 
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tween the Squares of a and b 1 two Squares given; 
for ſince the Square of à is equal to the Sum of the 
Squares of b * : (by the Precedent Prop.) The 
Square of p muſt be the difference between the two 

given Squares, whoſe fides : are a and b. 


PROB IN. 


| Hence ald may a Square be made e 5 9 80 
owns ar” or . — Right-lined Figure 

t igure into les; uares 
N thoſe Triang 2 ning ws ar 

laſt equal to the Sum —_ al thoſe e 
Or by making Rectangles thoſe Trian- 
gles, which ſhall have all the 1 height; then 
joining thoſe Rectangles together, ſo as to 4 one 


great one equal to them all; and laſtly make a 
Square equal to chat * 


L * * ' FI 9 173 
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5 139+! 16 upon the three fades of a Rectangle TRW. 
8. we ate three ſimilar Fi "es, NET lm 
y Polited; the greareft th #61 205 obi4th. 
equal to the other WW. 50 8 8 
Fot che three Figures being Rel 
Similar are as the Squares o 
their Homologaus ſides (6. 3). a 
And e che Figure A. * of 
ſhallibe ro Band C, REID bs | | 

uare of h e is to tlie Squares 

of a b and ac. But the Square of bc 3 to 


thoſe two Squares (iy the laſt) therefore (the Figure 
A is Wo to yo B and C N 


6 8 * 
PROBLEM 4: 


To fold tws Lines b and 6 which FE; es 
| the ſame Ratio to one another, as two given 
- Squares, Similar TTY 25 Similar 25270 
ons, of Cireles. | 


& © $4 > 


let 4 and be tlie Sides of Fl two | Given . 
riangles, Polygons 5 or the Diameters or Radius 7 
of ** Circles given 7 i Ser them ar Righr Angles 8 
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one another, as you ſee, and draw the Hypothenuſe 
Tc, to which let fall the Perpendicular p, which 


ſhall divide the 410 55 thenuſe into two Parts b and e, 
0 


the Lines required. For the Triangles Z and X being 
Similar toy 56. of the 6); will be to one another as 
the Squares of their Homologous Side 4 and d, 


(6. 47). Theſe Triangles alſo having the ſame height, 5 
will be as their Baſes (6. 42), wherefore their Baſes 


Fund e, ne of 4. A 
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, 225 


wig 0 5. 11. 

This Problem a * 3 * . To 

mate two Squares, Triangles; &c. having 
the Ratio of two given Lines, b and * or 
e ae, Raw } EG wu 16d 


* he Lines inks! one PET Ka _d then 
make that the Diameter of a Circle, from the point 


where b and c join, erect a Perpendicular to the 


Curve as 0 then draw d and «, and they ſhall be the 
Squares, Triangles, 1e Polygons, os 

the Diamerers of the Circles, 
In a Ri ih angled Tila 
gle ler rhe yn. JA be h 
che Catheti or Legs h and c, a 
- Perpendicular from the Ver- 
tex 150 the Right Augle 2, and 


. made there by, a and e. Then 
bt: Cn 7. "Wherefore hp = bc, from 


8 A will ariſe theſe 4 Theorems, for finding any 


of the Sides or Perpendicular by having the reſt. 


„ 8 1 5 „ 


the Segments of the Baſe 
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Whence will ariſe theſe rwo Theorems for dns 
the Segments IT the 3 11 . 
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From ka . Theorems will ariſe for end- | 
ing rhe Seats, the W or the e | 
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. as you ſee, and draw the Hypothenuſe 
b+c, to which let fall the Perpendicular 2, which 
hall divide the Hypothemuſe into two Parts bande, 
the Lines required. For the Triangles Z and X being 
Similar (by 56. of the 6); will be to one another as 
the Squares of their 'Homologous' Side 4 and d, 
(6. 47). Theſe Triangles alſo having the ſame height, -- 
will be as their Baſes (6. 42), wherefore their Baſes 

Funde, are ace Squares of dand 4. GRANT 
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a This Problem may be Janie het; ; To. 
male two Syhates, Triangles; Sc. having © 
- the Ratio of two given Lines, 60 a C, or 
4 given Ratio. OS CONS ORIG 
8 e ee con \ a. 
Join i eie and chen 
make chat che Diameter of a Circle, from the point 
where b and e join, erect a Perpendicular to the 
_ Curve as p, then draw d and a, and they ſhall be the 
Sides of the Squares, Triangles, fimular Polygons, o 
| the Diamerrs of = a uired. 1 
W 5 Light an ngled A 
VVV en uſe be h 
N the Catbeti or Legs hand c a 


mga OR rexoftheRight Aug le p, and 
made there by, a and «Then. 
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0 de rpendicular from the Ver- * 


1 We hp = bc, from ” 7 


-{ whence will ariſe bibel g Theorems, for findin ay 
"of the ts o Perpendicular by DOOR rhe 5: 
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Whence will arile theſe rwo Theorems for. finding | 
the Segments from the 3 fides. © 
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White pe =be,o 
and dividing TRE . — 128 71 0 


That is the Rectangle under the Leggi, is equi 
that of the Perpendicular into the Hypothenuſe, &c. 
For by A Jess after this 1284 of the- Rea- 
_ diſcover mamy ſuch Propoſitions as 


hich 7 leave to exerciſe tis Skill and Dili - 
be this way. 


1. Tharthe Reckangle Ander either 12711 4 fight 

454 Z, and the oppoſite Segment of the B 4 

| — that under the Perpendicular ine o⸗ 
er . 


II. The "MR of the pe is to th of 
either Leg: : as the Rectangle under the 'Hyp 
. thenuſe, and the Segment of its = to thar Yes 
is to the Square of the Perpendi 


III. The Solid - under the Perpendicular ite 


Rectangle of the Legs is equal to that under the Hy- 
e into the Rectangle of ies Segments. 8 


Iv, The uare of the N is to che 
quare of an Leg, as the Segment pofite to the 


E, is whe vhole Hypothepuſe, i» 


2 
— 
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| E imo its ne See 


be equal, i. e. the Triangle 204.4 pang boch the 
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v2 . N F * 
. 4 ; OY 
\ us 
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V. The: 
Men of che 


of ms on Leg noche: be: 
muſe the d 
eben,  Wherdor, - 


VI. Tbe Squares of the Sides weus thoſe = 


ments. e a0 gert 


560d e abe, ö bo of -n e 


Triangle, there be made a Semi- 


circle har, and on the other c ]-? 


Sids a b and 4c, two more Semicit- „ 
cles h and a m t, that greatSemi- 2 * 


circle will be equal to the other two | 
(by the laſt Propoſition.) And if b the 
micircle; and rhe tha leſſer ones you 


Segments « b and ac; what remains of each muſt 


Lunes h nA and amc. 


And this is the Quidrarure of the Lune of Hi a 


pocrates of Scio: 
. $7, When the Triangle bo s an J foes, chit 


the Lunes will be equal, and then alſo che Trangle 


abo, being "the half of abc, will he equal to each 
Lune, Bus if rhe Triangle be a Sealene as in this Fi- 


gure, the Lunes are unequal; and tis as difficult to 
divide the Triangle abc into two parts by the Line 
&0, ſo as to be able to prove the Triangle a bo to 


be equal to the Lune bn, and the Triangle 0 4 e 
to be equal to the other Lune a mc, this is — 25 as 
difficult as to find the Quadrature of the Circle, 


N. B. Since this, ſeveral ways haue 3 1 
of ſquaring am aſſigned Portion of theſe Lune t 


ur the Philoſophical Tranſactions N. 25% bag, 
0 7 Neger ne en 
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| Let chere be a greater Circle B G AC on whoſe 

Arch B K ler che Lune h E A & B or I. 

be drawn by deſcribing the S micircular Arch BE A, 
which is one half of the leſſer Circle BCA E Let 
ee 1 wow — 

greater e cutting off any Portion or Segment 

= T's BRD7 pr gs pond Square ta 

| gment jo ory... 5 

| Draw BG at right A 0 EC; So ſhallthe 
Chord BG be P icularly- Riſſected \ in the 

_ Point F or u, draw alſo B E and EG A. I ſay, that 

the Right lined de BEF is equal to che Tan 


: 
YE. . " 4 
ar tet ak” v 7 TX 
R - . 
_ 


of che Lune BE D. 
Feor 5G being equal to F B, e 
=_ . - andthe e age r 
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l EFG will Log equa " B BF: Wherefors 
the Angle o being equal to a, they muſt be both Se- 
ous Ang! e 7 and d naß be vo 
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Semi-right : Therefore the. three. Triangle BBG, 95 
EBF and E F G müſt be each one the half of a 


Square. And 8 GB. EB:; J 2. 1. 


for the Square of G B is double the Square of E B, 
and ſincr Similar Segments are as the 8 quates of 


© their Chords, the Segment BG muſt be bl of 
BE: Whetefore the bai of one will be equal to all 


the other; that is, B D F equal to the Segment BE. 


And therefore the Rectilineal Triangle B E E, ex- 
ceeding the Portion of the Lune by the half Segment 5 


BDF, and falling ſhort of the Lune by the Segment BE, 


which is equal to that former half Segment B D E, the _ 
| Lorna, ring is ue egal to the Portion ofthe Lune. 


And the ground of alli is his, tharrhe Angle B CE. 
being ar the Center of one Circle, and at the Cir- 
cumference of the other, muſt divide the Quadran- 
tal Arch B GA in the ſame Proportion as it doth the 


Semi- cireular one EA: On which depends the 


Equality of the Segments B E and B DF. ns 
" ſince the Triangle B C A is equal to che 9 1 
1 (as 1 by taking the common Se 


gment 
BG A'B from the Semi- circle B E AB and from che 


Quadrant BGA C.) It will be eaſie to take en 
thence a part, as the Triangle BO © equal to the 
_Ailigned Portion of the Lune. For es let fall a 
| Perhendicular from E to find the Point O, draw OC; 
and then will the Triangle BOC be equal to the | 


Triangle B E E, before proved equal to the Segment 


of the Lune. For the Triang es BCA and BEE 
are ſimilar, as being each che © half of a Square* And 
therefore the former to che latter will be as the 8 quare 


of B A. to the Square of B & (6491.6 their gag 
logus Sides, That is, as B A. is to O (6. 300 f Joe | 


BE is a mean Proportional berween 'BA and B 


Farther, the Triangle B A C, having the ſame Height | 
ape B 0 C, will be to it as the Baſe AB ro BO. 
8 _ 1 


' 
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ing proved to have the ſame Ratio, to one TI 
fame thing muſt be equal, Q. E. D. ' 


ny given Ratio, you need only divide the Diameter 
AB according to that Ratio in the point O, and from 
"thence ere a Perpendicular to find the point E; 
then draw E C. which ſhall cut off the aligned 771 
tion of che Lune. 
. Two Chords cutting or cle; each e 
24 Circle have the Setzments * 
4 cal wm onal,” 

I ay chat 2c. be:: deiet. and col 
i ſeq — the Rectangle aed ien 
* tothe ledeb. 
„„For draw th 

21 dec and the two Triangles ahbe and 
a cell be Similar ; - Becauſe 1, 'The vertical or 

Angles at e are equal (1. 23). 2. The 

is equal to c, becauſe ſtanding both on the ſame 

Ark 4 d, and 3 in the ſame Segment (4. 12). 

wherefore the two riangles are ſimilar, and conſe- 
quently 4 e. eb :: de, ec, (6. 46). Q. E. D. 


Perpendicular to it, 4e or h e will be 
a mean Proportional between the Seg- 
ments of the Diameter 2 e and ec, 
| Becauſe de is equal to eb (by 4. 6). 
and therefore fince (by tb 1000 the 
Rectangle bed (that is be' K 

is equal to aec; as the Recta 


ee es mut be a mean rende between f 
* ec. * E. D. ' 


Wherefore the two Triangles BEF and e 


And therefore to divide the Lune a ding to . 


of the Parr of al crling Chords are ; the Line be 
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prickr Lines « þ and 5 


a 


9. ac bethe Diameter of % Circle; and 4e 
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656. Tod Lines ut and 4d drawn from de 

Lib ice a Circle, * e 
7 oppoſite part I 2 
rente 7ate to each other Neciproenſ, 'þ 
4 external Segments. I fay, 2 . 
ud :: 4 l b, and conſequemly the : 

| Rechangle ca b is equal to dae. For \\ 
ſuppofing the Lines ce and'bd tobe. 
drawn, the Triangles 4 v e and 24 
will be ſimilar, becauſe the Angle « is common to 
both, 15 the Angle c is equal to 4 becauſe Rariding 
on the ſame Ark hee (A, 5 wherefore d. 4 b: 
£4, 3s and Alternately 4a. en:: 4 b. ae, and by 


Inverfion c 4. 4 4 :: we. ab (6, 45). And 3 
the : Reetungle ob 1 isequalrodae, Q. E. D. 


If ode Line as 5 touch a Circle, as' in che Point 6 © 
b, and Line 2 d drawn from the ſame ere > "oi 
4, do cut it; Then is 1 b (the Tun. 4 
Zent) a mean Proportional berween @ „ 90 
4 d and 4 e (i, e, between tho whole Ne 
Secant a the Part of ir withour the” 1, 
Tirele.). biel N N K 125 

For drawing the Links be 184 bd” 
E les Aris een by 
Similar g becauſe the Angle a is com- 
mon to both, and the Anyle «bs {made beds 0 
gent, and Secant et) is equal to 4 (an Angle in the 
bppoſite pc (a. 17). therefore they 5 ſimilar 

| 4a conſequeruly ea {inthe little Triangle) will be 
to 40 i as that fame 4 b iS to 4 d in the * Wis 

1 . n ab, oO; hl: SO * 
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124 ELEMENTS Aae 
t. Ler here be a Diamerer al cut in cl an Infi- 
| nie Pe icular ee, v ther with- 
in the Circle as in Fig. 1, at the Cir- 
cumference as in Fig. 2, A re can 
He the Circle as in Fg, 
be drawn. alſo from Ry Emacs any 
Right Line as d e cuttin N 
dicular in e and the d. 
| fay ir ſhall 5 c be 24h. 
1 
We N the Line 54 8 
will be made two Triangles that are 
8 Similar, as e 4c and dab; which 
e will be ſo, becauſe they have one An- 
| gle as « common to both, and the 
Angie de FF. 0 becauſe both are Right ones (for 
d is Ri 4 as "ag om Angle; in a Semi- 
Circle — c is Eur ce ppoſition. * 
the er ge be nila dent ac: 
eb. ac. Q. E. D. 
62. Inths ſecond Figure « bis always a mean Pro- 
ee eee in the firſt, the mid - 


de Proportional is a E, deren from à to the place 
where the Line e cuts the Circle. 28 
63. If of a Triangle inſcribed in a Cirele, the An. 


e the Line à e d. | 
uf 1 fa. Teh baiae:: ad. ac, For drawing the 
| Line bd there will be made two Tri- 

"OF . ab d and dec, which are Si- 

5 FD 7 the AR © dis equal 8 

1 4. 12), as( ng in the ſame | 

o ic rh 0 ame Ark 2 

"Yo" is equal ro eac by the Suppoſition, 
Wherefore the Triangles are Similar, 

and conſe uently ba. ad:: ae. ac. (and therefore 5 

alternately ba. a, a e.: ad, ac) DSA»... 
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64. When the Angle at the Vertex is thus bk. 7 85 A 4 


the Segments o fthe Baſe b c, re. alſo proportiona Ito 
the Lows of the Triangle 1.5 be. x b a. ac. For 
ſuppoſing ef drawn Parallel ro ba. Then will 6s. 
e :: . fe (6. 400. But ef is equal to af: be- 
wk the Angle a ef is equal to e'«bj-(4r being Al 
ternate Angles 1. 31), and conſequently to e af ( 
the Suppeſition) wherefore the Triangle 4 ef is an I. 
ſocles (2.51 5.) And therefore inſtead of putting of it 
as beſore h a. 4e :: fe; we may ſay ba: a:: 
af fe. jy But as a f. Fo ꝛnis be. ec (6. 42). where · 
fore la. de :: be. en Which W 
ba, 40 Q. . . \ ö / 
2 7 iin * ph 
94 25 5 This pee is Univerſal and if any 
* 2 of a Triangle be Biſſected, the Legs about 
di Augle ore 


tional to the ee 3 


rh oppeſite fi de made b the Line TS, 
WO ju” «(58h 1 3% [AE 1.4 Fd 5 X 125 
DB ene oe ot nen wwe) 


1 If ro Circles raved on den (in rat 
withiellas 4, and if to that Point t nn 
you draw a Tangent and à Perpen- a 4 
dicular 4c b (nich wilt paſs through N 
both their Centers) (A. J) and if al- Ist 
FS yon draw any from the 
ſame Point as 4e d. I a twill al- 
ways be as ae, ad :: ac. ab. For _ 
having drawn-the'Lines tc and 1 4 1 
the Triangles aec and adb will be Simailae, as ha- 


ving the Angle at « common e and d boch xi right 4 
ones; Or 4 55 Al ad 4 f. a d 8 7 | 


a | 
me fn hs, a hep the Art Ane the: whole | 
Circles ecito the,. hd Circle a 49 and. 


* * 9 is * 48 bn t d noir 014 

| | "th (lai 221 0 Puke. : 
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the lame end of oy. —_— 
I ll br dre, 4 
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N | the: \Reflangles.under:the Di- 

Se OS. Ler fall the. right, Sines F 
and $.+ Then willc == 5's 
Ter and CC —=$$+ 
Wein en A* 4 ; culled-D;vm arts w be x 
n N and D — x, A 2 X 
But D — Xx x, 

and 88 = - DX — XX (by 66 of this Book) where 
fore Subitute thoſe two laſt Quantities inſtead of 
' the equals 2 and S S; and you will have cc Px 
—xx + xx (chat i is) * and CC DX 
2 (char is DX which proves the lat- 
er part of the P ion chat the Square af the 
Chird is always wah to the Rectangle under the 
3 1 
And 53s pin that,. Fe + Sem: 


D * X Q * . 


810 
n 3 
"th org 
* 
6 =” 70 — i | * x 
0 1 4 * 


b 
a of a given Cone, will have its Radius a mean 
Proportional between et the Cone and Ra- 
err Baſe. "315 ; 


640 ny Cherds,. ee — | 


And. ſeal alſe be «qual PI 
anmeter an fuck Verſe Sings... 


r be 
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Lee che Side of rhe Ge e Radius 
9 the Baſe c 7 3 chen the Diameter will be 2 = 2 
der ＋ 2 c. Zut half che . 
| E ian eee tothe Convex 
) hat is ere 


21 5 128 
| : 4 isa mean 
| „ J. 4 — 
Va 722 e Fu 
4 


x of the 'Cir- 
"Then, will 


| of in Diary ai eee 2 /cape 
aud by Multiplication of 2 7: are, che Periphery | 


into 2 Jr the half Radius: or /: 4 f e into Vr 
te Radius of the Circle will be are b the _ | 
face of rhe Cone. Q. E. o). 
69. The Convex Surface of a right Cone is to the 
Area of its Baſe: : as che Side of the Cone is to the 
Nadius of the Baſe. 5 
PFor fince the Convex ag 96 of the Cone; (by N 


what is ſaid after Art. 14. J is eg ual we © 
8 „ wy whoſe Baſe is he to the b Pe riphery of the 
-  , Circular Baſe of rhe Cone, and its height rhe Side 
of chat Cone, call the * o an the Side of 


> the Cone 45 then will | * expreſs the Area of the 


1 7 ConvexSurface,and weites of theBaſe will be EV 
© - - 6p" Art 26; Book 4) Bur thete is no doubt bur 
1 227 LED 2247 8 Wherefore, Ge. e 
3 J. A Gircle whoſe Radius is equal to the Dia- 5 


ES meter of the A” will Ved ro its y Je equal 't ro _ | 
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is Slat 
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Let the Radius of ſuch a Circle be 25 chen its 


A - p _ 

: 4 2 . r * 4 ” on * 
wha to wb od * "WA. 25 i 88 . "ey LY \ a * *. 1 Lc 5 
2 g MY * a 1 * wing * * . p 4 1 8 , 1 * 2 4 oa 7 

2 k ** — _ _ 


% *%% 
2 


A 
8 


Diameter is 4 7, and its Peti ry will be 4e and 
by multiply ing that — 7 2 
is 4 rre. Let then the Radius, of the Sphere be r, 
then will its Diameter be 2 r, and the Periphery of a 
reat Circle 2 re, which being multi plied. by the = 
ius V, makes 2 re; the tialf of wkichis re, the Aren 
of a great Circle, but the Area of 4 ſuch Circles is e- 
qual ro the Spheres Surface (by Cor. V. p 76) that 
Arte = tO Sthes herse Surface: hich was above 
uy bed equal ro'the Area of the Circle whoſe Ra- 
s, Ye was equal tothe [Spheres Diameter. en 
re, 
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- 'Lefler Quaticley i is faid to Meaſured 
der, hen being taken a certain number 
of Times, ir is exactly equal to the grea- 
der. o. gr. Suppoſe a Fathom to contain 
ſix Feet; then may one Foot be ſaid to | 


becauſe being taken or repea= - AM 
"ted fix times, it will be exactly . do the Fa- _- 


greater Quantity is calld che rople | 

"Rive Sogn "So; "4 Foor is the Pay of a Facthoim, and 4 Fa- 
thom is che Multiple of 4 Foot. . een, 
3. Hydu tahe che - | 
© Pace) whichis'rwo Foot and a 


*k ITE d Nn 1017 518. 6 
'* \ +330 TL Of n 


* Qhantiry whith can meaſure wo others, 
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to meaſure a, Fathom, you cannot do it: Becauſe if 


you add that Pace only twice, it will make bur five 
Foot, which are leſs than the bn. and if you 


take it three times, 4 ven 7 5 half, 
which are more than che Fathom; ſo chat chit Quan- 


tity of two Foot and an half cannot meaft e Fa- 


thom, and therefore properly ipeabing is not a gt 
of ir, But nevertheleſs they may be fad ro be Parts 


wh. the Fathom, becauſe this Quan 8. five 
yh Pet ol Fain, A 
7 


half Feet; for an half Foot is a thom, 
* being taken 12. times it 
it; ſo therefore this Pace contains — of 12 Fa- 
chom, - becauſe it contains-five-half Feet which are 
125 that is five twelfths of a Fathom. 
4. When two Quantities are ſuch, that a third can 
be 33 which ſhall be an (Aliguot os Even) Part of 
mage Bray is, ee mall one __ both exact: 
ly : Then thoſe Quantities are ſaid, to be commen- 
ſurable : As for inſtante, A Pace and a \- Town are 
two commenſurable Quantities, becauſe we can find 
a third Quantity, viz. half a Foot, which will mea- 
Fure them both For if the half Foot he taken five 
times it eee and eilten 1:2 times, if 


the Fathom. : tk Þ } 6 
1 poſhbe co find Ry t * 


| tuo Qunmtities are called Incommenſurables. 
6. Commenſurable Quantities are as Number co 
Number, that is, thoſe Quantities can be expreſſed 
by Nuimbets, ſo that as one Quantity is to rhe other, 
ſo ſhall one Number be to the ether. Th nag 5: 
of fix Fectior'\ a Fathom, and a; Line” two Foot 
Land: an half, as a Pace, are to one abotherag Number : 
to Number. For half 4 Fom meaſuring.thetmoth, 
the ſãtter y bein xaken $:tines, and che farmer by 2 
btitig ta en ; aa es ; c plaitbat onè Lie comams 


ox half Feet, and the othet 1 2, and therefore they are as 
1 12,08 as Num ber to Number. By 7. If 


boch v tal, 2 7 


. If N] O Quantities are ndt as Number to Nuni⸗ . 
char is, if it be impoſſible ro expreſs their Mag⸗ 
— ra Numbers they are ee: * 
As is plain from che laſl. 
38. We oughr chen ro ſee whether hel its in Re- 
wi any ſuch! Qutantiries whoſe Magnirudes. cannot 
reſsd by Numbersand if there be any ſuchywe 
| hey y chat there are Incommenſurable antities. / 

9. A plane Number is that which may be produ- 
bel by the Multiplication of cwo Numbers ( . 
to another), v. g r becntiſe ir may 

be produced by the Multiplication of 3 by 2 4 For 
twice 3 makes 6: So alſo 15 is a plane Number a- 
Hang from 5 bein multiplied by 3; and 9 is 4 
lane Number produced 8288215 a 
©O 3. 1 7810 1 „ 5 
10. Thoſe Nudibers ich being multipked en 
| by another, do produce a plane Number, are ales: 
the Sides of chat Plane, as Land 3 are the Alen 
| the Plane 6j and 3 and g are dite Rides of 13. 
11. KF we Imagine Unites to be little Squares; 
thoſe Squares may be form'd into a Rectangle, 
their Nantbetbe Plane: . g 2 Squates may be 
ed in the fonmm of a R „one of whoſe 
1 Ades may be 6 and the other 2, and 48 Will malte 4 
N Redtangle whoſe two fides may be 13 AO 
the followitig Figures Br and-C;.-3 
12, A Square Number is a plane, whales wands 
qual; a8 4, ariſing from hie Niulriplication bf iz by 
23 as 9, the „ by n 


N >a 
| be gh ting ah mobs aged and l 
Ge of 4 are and that Number hid can be 
Ted uten into arts E 5 
| 7 Sets, W n n 
ne . © n 4 


* l * 
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2 N N 8 . i * * p * * 4 ** 9 ” * 
** . N „ N » . 8 * r 
- — , ; ; ; a 6s 
10 yy b | ' > * Ef - + &- 00%. 2 
1 8 A 


ee plane dete ae ke which may 

+ miilar eCtangles ; that is in- 
to Rectangles, whoſe Sides 
are proportional; ſuch are 12 


30 0 2 4 5 af and 48; For the Sides of — 
AI 450 


are 6 and 2 (See Fig, B) and 
165 ©) 5 the Sides hs are bee tho a 

Fi ut Aa: N 15. hs oo ole 
— | | 
a All ſquare Numbers r imlar Planes (6. 225 | 


1 678 — — 

i * 4 K $1 I2- "A \ 1 Ih. ber may be 
LLLLLLLLLLLLI inthe Form of a 
C1141 14 EE 1 
4 1] a thatdiſpoſition may 
eee db LL 2 — ; be taken foraPlane. 
7 Thus 3 (in Fig. A) 


muy be conceived as « Plane Similar 20/12.0r\By For 
the ſides of the Plane 3, are 1 and 3, (becauſe once 
2 i 3) and the ſides of 12are2 and 6. But as 1. 
Y ae. 

1%. There Do: e ee eee 


As if you examine from 1. to 10, you will 


find indeed that 1. 4.9 being Squates are ſimilar, 


and ſo are 2 and 8, which have one ſide double to tbe 
other. But the reſt, as 3. e ee : 


I. 


18. If one d Number be mukphyed, by 
maden the Produc will be a third Square * 
Thus A. 4. and B. 9. being both 
Sawares do, when multiplied intro 
one another, produce the Number 
8 7 K 6 5 85 1 
ber is a Square Uare. weer. 
a0 008 Tr BR by:A, oo 
as chere are Unites in A 


placed | 


1. is to 2 Wherefore Lcandi- 


thoſe bang as may be ſcen by the articions in the Fi. 


| ſed after the 
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But I may conſider the whole Number B. 6.44 one on- 
7 Solid dene od And rt en Te 


tt BF 35 


12. are e kla Planes; ſo cha 
the fide 3. is to 6 :: as the fide: 


vide rhe Plane B. 12. into 3 


Squares plac e ſocks... Fg III 


manner as thoſe; littl eSquares 


inc __ Plane A, ee one fol 1. a #4 
of rhe reat Squares of wer to « ho | 
in A. alſo; if rhe. 79 0 2 9818 


had been 8 and 72; I can | tn, 8 
Divide 72 into eig uares Tr 

of which / every one ſhall | Tao 
contain 9 of. thoſe in che 


would come ro paſs alſo, 45 W 
if either one, or both the JANA had wid Frah: 


ons. As if A contain e e 
14 into three Squares and an ha poſed juſt 


uare added in Prickt Lines 

i a he gan ire ee 
can inro three uares, | 
8 A: RES. 

to 12 Squares, ſo ranged as thoſe in B. as the price 


| Lines in the Figure D do ſhew . The way to do Which 
is to divide a Sie of the 3 r Plane into as mia: 


* Wan the W ſides of rhe leſſer Plane 


* 3% 
: 


. 
* - 
7 n ; 
1 1 18 el — 
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2 Wen e Figure meeting} a a 
WW, 15:73 4& 3&1 33.4.7 116314 a08 © 
* 36. Thote plain Numbers which 0 


zs that chere are as many tlie _— 
as there are Unites inthe Pe t 15 ets 


the Converſe of the * 5 ad fir 5 K. 
1. Two fimilab Plane Nauders welded one 
into another do producę a Square. For having di- 
vided the greater Plane into as many Squares as there 
ac Unites in the leſſer 65 19.) One ane will be 
multiplied by the other, if the greater Squares of the 
greater Plane be taken as often a9 there are Unites or 
| ntle Squares, in the lefſet Plane: But ro mukiply 
ay Number of Squares, by the ſame Number, is 70 
make one Square out of all thoſe Squares. 
For Inſtance, A 3. and B 27. being Similar Planes, 
I conſider B. 27 as a Plate compos d of three great 
ae as A 3. is a Plane compos d of three Unites, 
or three litcle Squares, So that if I take all theſe three 
great Squares, as often as there are Unites in A, that 
B — times; I produce then three times three ſuch 
great Squares as are in B, chat is; 9 ach Squares; of 
ich every one contains 9 of thoſe in A, and all 
ele o Squares of B. contain 8 1 of thoſe ot A; fo 
= A 3, multiplying B 27. produces 81; Which a 
Number of the kfſer Squares rang d 
Nn indo a Square Figure and by conſe- 
* 7% quence 4 ſquàre Numbet 6G. 13) in 
Tf Uke manner if rhe Planes were B. 12. 


ates, which T. multiply by 12, 


and tzere are produted 144 greater 
7 ' Squares: rang' imo the" form'of' 4 
_ Square, which do contain in all 324 
eee whe le er Plane. (N. B. Te divide 27 in. 
r Squares, each Square muſt be 2. 23. for two and 
7 re ELL 19) 

29. 


- = 


wi 


7 2 5 


D. 27. I divide 37 into 12 


n 150 thy it Will make 4 K 
7 . es mall be 13, and the e 


85 5 may be fo diſpoſed as to makea fimiſar Re 


1 Plane 1 are Sale r kd . 
| v8 Ager you ran e the t Uther allo 5 may de ſo 
ail 7 75 0 Fr fimilar Planes. 1 1 12 bob | 


le, 05 "of hel Les will he s, and the pther 8 , 


3 If od gabe, divide Aubtker chat i is 4 are 
E A {third hal [be produced which will bea 0 
lar to he Pier 4 


Let exe be 4 1 5 an! tr be divided : I 


by an 
by any Number, by 8 which is done if 
q 5 ; ke the ei Th Par art the fide 4 d, * 1 
z. 4 Fr 310 tht” e dtaw the Parallel 5 
5 e ile will have 
Pag which will be the eighth 
art of the Squite ac. Bures Wide i” 
ONT ora Plane by 8 N is to rake 


een art 0 of that. umber or Werder 


? 8 If tf the Planes 4516 tar do 83 Pre bein ins 
ed into. 21 ht-line, ſo as ro make a ReQanj e, one 


alle 0 
ad £7 f 


the ne de 5 Plane of the Quorien ariſing when tlie 


ws divided Jy, . Therefoteif on Nur, 
1 LY 11 5 5 her chat 15 4 ſquare, S 
24. I e 

od Wy fe, 18 


Planes multiplying one ant 
ER 1 1 5 Süullar. 


4% Was taken the eighth Part of 
etefore as 8, 1:; (which ate the fides 
515 ane '$ the Diviſar) fo ſhall b. 4e (whichare 


e 770 be 8. and the other 1. ſhall de . 
„Nite 


which are not Sima * 


- 


if they ate; > ered 9 5 2 another,; 
ws ware, ;TheſetwoP A pl C ” a 
e 


F313 x * 3 ar mu 1 2 Ke. De WY Fe | N 
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4 1 


- poſitions) and conſequently the Number ah 
e ag ble 


ii turs 7 | 
26. Iftwo Numbers are ſimilar Planes, Planes, their Equi- 


mukciplr and ar s and any of their e 2 Parts, 


imilar Planes. Let the Planes be a b c d. 3. 
and AB CD. 12. ſo chat 4 b. AB:: be, BC. Ifay 


| if you take the double of the one and the double of the 


other (or any other Equi-multiple, be it 
pleaſe) tho . be Sinan * 1 


eee een and A E dou- 
5 dle to mot in order 


are Similar, 


| ' 1 7 | : * | 
AB. And conſequent a the Planes be and BY J 


halves bo and 50 br any other LEE you er 


27. If two Numbers are not ſimilar Planes, their 


: welded and all their (r ee equal Parts 


alſo be not Similar, which follows from the. lat. | 

28. Berween any two fimilar plane Numbers 
wharloever,. chere is to be found a mean Pr reio= | 
nal. Let the two Numbers be 2 and 8, I, ay it is 


poſlible to find a Number which ſhall be a mean Pro- 
"ary between them, For if we imagine the 
lane 8 to be ranged in a right line AB, and the 


Plane 2, alſo to be ranged in another Rigbtrline asa 


11 eee eee ht· Lines there be 
formed the "Plane A-C. 16. 
That Plane A C, 16, will be 


| * mi Tt I 48 produced by the Multi tiplicari- 


—— 4 on of the two Numbers 2 and 
3 8 (6, 17 and the following Pro- 


Bock vl. 2 f Sabah ent. 


de de 
ſquate Number (J. 271) and they. | 


y be rang d into the form of 4 975 — 
Ne (7.13). Let them then bes - 
diſpoſed into the Square u e. S0 nal! AA 
the 4 c be equal to the Plane LI,. 
AC. for tis only the ſame Number e 


diſſ 8 — manner. Wherefore 
e 4 1 's-mean'Proportiotiat 
between A D 2. and A B 8. > 4B CONDOM | 
29. Between two Nambers Non-Gmilae 2 meat 
Proportional can't be found. Ler the Numbers be 
4. and 6. Range each of them into a Righr-line, and 
makiply y them, they will produce the Plane 24. But 
this Plane 14 is not a ſquare Number 7. 25). and 
conſequently cannor be rang'd into a ſquare Form. 
Wherefore tis impoſſible © have any Mean between 
4. and 6. For ſuch a pretended mean re nal 
muſt, multiplied by ir elf, produce a re, which 
the 


(as harh been aan elſewhere) will be & 

Plane made between 4. and 6. o 59). wich is im. 
run ea 6. | 
1004S Shoot 


/ becauſe this Plane a 
i not 4 ſquare Number 
30. Ler there be tea ee 
another, as one Number do another 
Tonſimilar. v. gri 48 1 ⁰. Let al. 
ſo eh be a mean Proportional, ſo chat of 
ne. eb: ebe c. Hay; dat eb is In- 4 
commenſurable with the two Extremes 
4 6 ande c. For ge ande e being as 1k 
S r . e EN WY 
{by che Suppoſition) . all their 

ples (7. 27). tis impoſſible to find a mean 
onal between a e and ec (by the Precedent) 4 
ny 3 or to e c, 28 
0. 


" 3 
+£ 
* 
7 * 5 
7 d * 4 
"0h eff $I enſu b n url 7. «= 
1 
. 
* 
x . * ” * * 
2 l 7 41. | 
2 2 . +? 0 of de 
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ares of che whole Hane A C:n8.-Mal te — 
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26. Ifrwo Numbers are fimilar Planes, their Equi- : 


r les _— CEE of their ein _ Parts, 


are imilar Planes. Let the Planes be a b c 4.3. 
and AB TD. 12. ſo chat à b. AB ;: be, BC. Iſay 
if you take the double of the one and the double of che 
other (or any other Equi - multiple, be it what you 
pleaſe) rhoſe doubles ſhall be Similar. 
e, and & E dou- 
dle to A D: in order 
to make the Plane b e 


A P a b double to b d, and B E 
LI 22 2 
o HA: d o double to B D: "Tis 
'D! | lo- eien 4 clear that a d. A D: 22 
: 0 26. AE. But 4 d. AD - 
. 5 2 6 „ 2 „ 0 „ „ „ 6666 „6„6„%%6 0 | E * 4 b. A B. vol f. 


A AR 5: a b, 


AB. And conſequently the Planes be and BE 
are Similar. 


W ET would be the ſame thing had you taken their 
halves ho and B O, or any other equal Parts of each. 
27. If two Numbers are not ſimilar Planes, their 


: hat eh and all their (v aeg equal Parts 


alſo be not Similar, which follows from the laſt. 

28. Between any two fjmilar plane Numbers 
whatſoever, chere is to be found a mean Proportio- 
nal. Let the two Numbers be 2 and 8, I ſay it is 
poſſible to find a Number which ſhall be a mean Pro- 
ional between them, For if we imagine the 
lane 8 to be ranged in a right line AB, and the 
Plane 2, alſo to be ranged in another Right-line as a 
4 D. and that our of thoſe rwo Rig hr-Lines there be 
| formed the plane A C. 16. 

1 . . wil 85 
1 2 ue the Multiplicati- 
ee pos rwo Nan e and 
2 8 (6. 17 and rhe following Pro- 
poſitions) and ce the Number of the 7 
de 


2: U meant 


u 4 


ares (7. 15). Let them then be 


4 c. or tis only the ſame Number 


F a 


| Book VI. of Ssbb rat. : 1 "I 


fle Square of the whole Plane A C. 18. Mall be a 
ſquare Number (7. 21) and they | 095 Fug 
Ny be rang d into the form of '® f= 40 


N into the Square à c. So ſhall ] 2 
uare 4 c be equal to the Plane Js 
diſpos d or rang d after another manner. Wherefore 


(6. 59) che fide a b 4 ſhall be 'a\mear'Proportiotial 
berween AD 2. and A B89. d 2A 


29. Between two Numbers Non-Gmilae a mean 


Proportional can't be found. Let the Numbers be 


4. and 6. Range each of them into a Right-line, and 
multiply them, they will produce the Plane 24. But 
this Plane 24 is not a ſquare Number (7. 25). and 
conſequently cannor be rang'd into a ſquare Form. 
Wherefore tis impoſſible to have any Mean between 
4. and 6. For ſuch a pretended mean . 
muſt, multiplied by it fal, produce a 2, Which 
(as harh been prov'd elſewhere) will be equt to the 
Plane made between 4. and 6. (6. 59). which is im- 
poſſible. becauſe this Plane 24; made our of en 5 
is not à ſquare Number 

30. Ler there be twa Lene 40 ber: 
another, as one Number do another 
Nonſimilar. v. gr. as 1 to 2. Let al. 
ſo eh be a mean Propoctional ſo chat N 
4e. eb: e b. e c. Ifay; chat eb is In- a 
r with nw: two Extremes 


_ ples (7. IT tis impoſſible to find a mean . 
between a e ande c (by the Precedent) and con- 
ſeq uently, e b cannot be to ae, or to e c, as Number 


— nang Wherefore i ir is Incommenſurable with 


n, | 


ELEMENTS 


1. The Diameter of a Square eee 
ſurable to che ſide ac, For takin ts 85 

e TY © double to 4 e, and making the 
PAK angle à bad, i hall ee nere 
Ed „d Triangle «bc ; becauſe c d being e- 
„qual to ch, the Angle d is equal to 
JOU BANS ry rods cn ny 
dle de a Semi- right one as well as c b; 
wherefore a 5 d is a Rigtn-angle ; and 8 wently 
4 c. 4 b:: 4 b. a d. That is, « b. is a megn 
tional betwenn 4 c 1. and 4 d 2. an therefore In In- 
iy er (by he nen 7 


ST SS Ka SS BS FATS AT 


COROLLARY. 


Hence * tis im poſſible to Expreſs pgs 
that ſpallb 25 Double 25 arts in $ Rational 


Vambe VS. ns i | 


4 


: TT 1216 ve N * 2 27 18 Ty * 


32 . 8 8 3 
made upon it. — the Power of the Line 4 c (Fig. 
5 — are aebt; and the Power 2 

e ab is the — bf f.;/Aad we ſay that 
Line 25 double in Power ( in Latin bs pateſt]. to 
the Line 4c, which is a manner of Speaking borrow- 
ed from ae, and generally received amongſt 
Geometers. PTE GV SE ftw 5g N 
33. The Damaged i9:Compmenſurable 3n, Power 
to the fide « c: That is, its Square a hd is Com · 
F — | 

Goble doe „ f:4 Of dom 
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34, But 
- . * 


ro the Cube of 2 n is in a Txiplic ite the ſide 

e to the fide-# 15. e. as 4 c v0 4 Wh = 
ö are Incommenſurdble, - Wherefore, However 

4 cand ab are Commenſurable in the econd Power, 


s a ſolid Number made of 6 eren 


81 ac 


T 1. 


34. Bur if you take 3 o, a mean Proportional be- 


tween a 'b and a c, chat mean 4 0 ſhall be Incommenſu - 
rable to them even in Power ; i. e. the Square of ao is 


Incommenſurable ro-the Square of 4.6, or 
to the Square of 4 c. for the Square of ac 0 
to the Square of a b, is ina Duplicate Ræ- 


io of ac to 40 (6. 24); that is, as 4 c to 4 5 (6. 300% 


But a c is Incommenſurable to 4 h (7. 31.) where, 


n 3s Incommentural e ro the 
Square of 4 Oo. 
. — 5 
which is made by m 
a by that firſt Line, or (ng PTY 3 * 
36. H two mean Proportionals 4 M and 4 in be 


aken t veen 4c and ab; ſo chat a c. e WY ©. 
4 hem. 4 b. the Line 4». will be In- 4. td 


5 in this ſecond Power to a c $— 
(i. e.) Tlie Cube of 4 c will be Incommen- 


fucable wo the Cube of « n, becauſe the au he Cube —_ 


for the Cube of 4b is double to the Cube of ac. 
37. Tis taſie to apply to Solid. Numbers what hath 
dar been ſaid af Plane ones. And thoſe are call. 
Solid Numbers which atiſe from the Multiplication of 
a Plaue Number by any other e | Re: 18 


> > 


28. 6 or es g multiplied by 2. 
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: ; | Cu bo Number produces a third Cubick Number. 


”— —d - 


hat which'hath been denionſtratel i in pes to Plene 
| Number s, may be applied to Solids. | 


erpreſs the three ſides « of a Rectangle Triangle, ſo as 


o. Every Cubick Number multiplyi So ** 


41. Berween two ſimilar ſolid eh chere may 
be found two mean 


42. Theſe Demonſtrations by which tis proved 
that there are Incommenſurable Lines and Magniruds, 
fhew alſo that a Continuum is not compos d of Finite 
Points: For if the Diameter as well as the fide of a 

uare were compos'd of Finite Points, a Point would 
meaſure both the ſide and the Diameter: for that Point 
would be found a certain Number of Times in the ſide 
& another determinate Number of times in * 


b the  Hhoo nuſe is equal to h "ron 
Squares of "the + Loew: (6, 61). we have alwas uſed 


this Salk for the diſcovery of Incommen ſurables, 


fide — and the mi one 4: The Sure 5 
will be 25, the Square of 3, 9; and the Square of 4 
will be 16: And and 16 added together do make 
the great Square 25. But if the leaſt ſide of ſuch a 
Triangle be 2. and the middle one 3. then the great- 
eſt ſide cannot be expreſs d in Numbers, becauſe the 
re of che leaſt ſide 4 added to the Square of the 
middle fide 9 makes 13, which expreſs the Square of 
the greateſt fide. Bur as that Number 13 is not a 
ſquare Number: ſo its ſide or Rooreatnor beexpreſed | 
by any Number. 
44. At all times Men have been Schichous tb find 
our ſome Method of diſcovering proper Numbers ro 
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to be aſſured chat all the three ſides ate Commenſu- 


rable. Therefore I here ſnew you ſuch a Method, 
by which you may find out all the poiſible Numbers 
that are proper ſor this purpoſe. py Hap 
45. It you take any two Numbers (even Utity it 
ſelf } differing but by an Unite, and add the Squares 
of them together, the Sum will be a Number which 


hall be the Root of a Square equal to two Squares; 
And that number will - expreſs the greareft fide of a 
Rectangle Triangle, whoſe middle fide ſhall be that 


Number leſſen d by Unity, and the leaft fide ſhall be 
the Sum of the two firſt Numbers. v. gr. Having 
taken 1 and 2 and Squared each of them you have 1 
and 4; Add thoſe two Squares together, and the 


Sum is 5 I ſay 5 will expreſs the greateſt ſide; and 
then 4 will be the middle one and 3 the leaſt; and 25 
the Square of the Hypothenuſe will be equal to the 
Sum of the other two 2 In like {manner if 


you take 2 and 3, and add the Squares 4 and 9 toge- 101 


ther, the Sum is 13. Then I ſay will 13, 12 and 
5 be three ſides of a Rectangle Triangle; ſo that 169 


the Square of 13, ſhall be equal to 144 and 25, the 


Squares of 12 and 5. Moreover if you take 3 and 4: 


the Sum of their Squares 9 and 16, makes 25 ; where- 


fore I ſay 25 may be the greateſt fide of a Rectan 


Triangle, whereof 24 will be the middle fide, and 7 


the leaft fide. 


Tr muſt be obſerv'd alſo, that the Equimultiplies 


of any 3 Numbers thus found will do the ſame thing: 
Thus, having found 5, 4 and 3 their doubles 10. 8. 
and 6. will repreſent the three ſides of a Rectangle 
Triangle, ſo that 100 the Square of 10 ſnall be equal 


to the 3 and 36 the two Squares of 8 and 


6. And their Triples alſo 15. 12. and 9. will do 
the ſame thing: For any one may ſee that all theſe 


Numbers ſtill having the ſame Proportion, do as it 
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Numbers _y be taken for the ſame. 


m an 
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were bonſtitute but one only Triangle, vix. hint iir! 
is expreſs d by 5. 4. and 3. See al hk 


55 > 
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N. B. The three Sides of a Rectangle Tviawgle will 
then only be Commenſurable, when they art in 
this Proportion, viz. c· a a T ee, a ae e 

and 2 a e. That u, the Sum of two Square 


Numbers, the difference of their xs, e and the 
Nr gl of their 1255 | 
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* Regreſio, on is 4 Weis RT Has 
| ties which keep between one another 
any kind of fimilar Relation or 
tion; and eve. ane of theſe Quantities 
is r a MF: 531 LAN! $$ 1 
Ya When the Terms Which ſo fallow bnie'anorher 
do . When lncelaſe 8 or Decre Th rhe” Progreſſion is 
called Arithmetical ;, as axe * ibers p 


according to the 2 de of the Biufes, as f 
2, 3, 4 3, C, He. As allo. alt odd: Jut 35,7, 
2 ichn or as 4. | A8. 165 Of a 9 His 
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4 ELEMENTS 1 
I. If in an Arithmetical Progreflion there be four 


Terms, the Difference between the two firſt of which 


is equal to the difference between the other two, 


thoſe four Terms are ſaid to be Arithmetically Pro- 
rtional: As in the Pagan of rhe natural Nuni- 
1, 2,.3- 4+.5» 6, 7, 8 9, "7 If you take four as 
2. 317: 9.10 (Thi mark: :: I ſball for the future uſe 
ro Nuifie -Arithmetical Proportion) there will be the 
* Arithmetical Proportion between 2 and 3 as 
there is between 9 and 10; that is, 10 exceeds 9, 
as much as 3 doth 2: ſo alſo are 3.5.:::8. 10. are 
in Arithmetical Proportion; and fo are 1. 5: :: 3. 9. 
where 5 being taken twice, is in Arithricncal niegn 
Pro between 1 and 9. 


of the two Means, as in 2. 3: : : 9. 10. the Sum of 


2 and 10 is equal to the Sum of 3 8 that is 123 


ſo alſo in 3.5 ::: 8. 10. The Aggregate of 3 and 
10 is 13, Which is equal to the Aggfegate of 5 and 8. 
And the reaſon of this is ſelf- evident. For tho 10 ex- 
ceeds 8, yet that which is added to 8 (vx; 5) doth 
juſt as much exceed 3, which is added to 10, and ſo 
there neceſſarily ariſes an Equality between them. 

6. The Sum of the, firſt and laſt Terms in any 
"Avirhmerical Pro is equal to the Sum of rite 
ſecond and the five Ge or to the Sum dof the 
third from the firſt Term, added to the third, accounted 
Gackward from tbe laſt, Gcc. 48 in the firſt Example, 
4 and g. make 10; and ſo do 2 and 8, 3 and 7, or 
and 4 always make 10. And in che e middle re- 
mains 3, which 2 taken twice (as if it were equl- 
valent to two T becauſe tis e Ty diſtant 
. Yom the firſt and laſt erm) makes al 5 

4 55 IF yon add the firſt Term to che lat, py) nl 
tiply chat Sum by half the Number of the Terms, 


bed! 2 1 24 25 


portional 
5. In Arithmetical Proportion * e or 
Sum of the two extreams is 2275 to the Aggregate 


r 


ct ſhall. be equal e way {MED ale 
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df all che Terms. As in the former Example, 1 added roy 


to 9; makes 10, and 10 multiplied by 44 {or 4, for 
there are 9 Terms, produces 45 which is che Sum 
_ of all the Terms from 1 to 9. As is manifeſt from 


the Precedent. 
8. When che Terms of 1 | ANTE. cg are conti- 
ava) Proportionals; chat is, when the firſt is to the 


ſecond as that is to the third Term as the third 


is to the fourth, and as the fourth is to the fifth, Hr. 
then che Progreſſion is call d eee, ds 1. 2. 4. 8. 
46633 775 1 os +. 3.9. 27.81 Zor again, as 3. 
12:48. 192. 768. e 48 8. 4. 2. 1 ½ 5. Or 
8 as r r, C 
9. Geomerxical Progreſſion may be encreas'd and 
10. When the Prog reflion be gins with 17 
the ſecond Term is call 4 che Root Side or firſt 2 
the third is calld the Square or ſecond Power; the 
Fourth, rhe Cube or third Power; the fifth, the Biqua- 


Arate or fourth Power; the ſixth, rhe Sur-ſolid © or Fo, 


= 3 the Be che Quadrato Cube or Arth Power, 
1 

11. If (in ſuch 4 + Progreſſion), you rake four Terms, 
the former two of which are as much di from 
each other, as the two latter are: Thoſe are ſimply 
2 and the Rectangle of their extreams is 

to that oſ their two middle Terms. 

12. Let the Quantity A B be ſo divided in C, D, 
B and F, Sc. that AB AC: : AC. AD: : 1 B. 
AE, Ge. Then I fay B C. CD. DE. E F, &c. are 
in continual Geomerrical Proportion 3 and alſo that 
AB, 1818 CD D. DE, Ge. for be- 


: C 
cauſe AB, AC: AC. A D. ic will Slow by Divi- - 


Fi 9 of Prope , that A B. leſs A C. (chat is C B.) 
: as A Cleſs A D. (chat is D C). 


| 18 75 ry CB. CD: ACA AD or at 


others ir DC. 
165 We: "Mx" 1 25 13 DLCTt 
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$i Let there be à Progreſſion of gs 4 
Right. line B C, C P, D E, E F, Sc. let O 
be equal to the ſecond Term C D, that ſo 
vve may have Ba the difference berweeirthe 
fit and ſecond Terms: And let it be made 
as B d. BC::BC. to a fourth Line, biz. 
E chat if the Number of the Terms 
I BC. e B. DE, Se. be Finite, tho never 
1 © fo great, all thoſe Terms taken to ether, al-. 
'F © - though there be an hundred thouſand Milli- 
Ions of them, {ſhall be leſs then BA. But if 
_ -- we ſuppoſe the Progreſſion infinite, or that 
the Termsare infinitely many, then ſhall all 
dle of them taken together be exactly equal to 
B A. For ſince by the ſuppoſition B d. (chat is 
B C leſs C dor CD) is to B C:: B C. (chat 
is A B leſs A C) A B. it may eafily be found 
chat as B C. CD:: AB. AC:: A C. AD, 
Gr. and conſequently all the Terms C D, D E, EF, 
Se. will always be found within, or be hither the 
Point A. To which it Approaches the nearer, the 
more the Number of the Terms is increas d. So that 
we ſee plainly, chat all theſe Terms (which i in Books 
are uſually calld Parts Proportional) tho” they be 
actually Infinite, cannot make an Infinite length, be. 
on they will all be included within the Line B A. 
4. This Demonſtration will appear much 3 
Ute and ſenſible by the Example-of a | 
l where the Terms are in a double Be 
v. gr. Let C B be double to D C and D C double to 
5 , &c. For if the Number of the Terms be here 
Finite tho ir be an hundred thouſand Millions, and 
you take the laſt and leaſt Term, for Example F E, 
and add to it another Quantity, as ſuppoſe A F, e- 
ö qual rot” It is then plain that EA muſt be | 
| - tothe m ED, which is the laſt ſave one; Fot 
. ED'is L to EF IRE Soren (che Ree 


A © ” 
8 — 
. 
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r 


eg 


N wa Wh 
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being every where double) and EA is alſo double b, 

E F bythe Conſtruction, it having been made ſe 545 1 
taking F A equal to E E. In e ; 

D E, chat is AD, ſiall be equa} to the followibg 
Term C D, and at laſt A C will be equal to B 
So that from hence it appears; that the firſt or great⸗ 1 

eſt Terim is always equal to all the others taken o- . 
3 Camus hr there he addedro'rlieni/bur a ne 
ry equal to chelaſt and leaſt Termʒ bur if nothing be 
added: the firſt Term in alas grearerthanelie Sui . 
of them all. 1 
If cheſe Tetms are ae fo be actually Infinice; nts 
then the greateſt B C willbe' exactly 82 to all tos 
Infinite others taken togeilief C D, D E, E E, „ For 9 
any one may eaſily diſeern; that the more there OE 
of ſuch- Terms, tie more you approach towards A; 
byeutting off ſtill the half of zhe remainder:' Bus 
when any Quanrity is thus leſſen d by Half, and the, 
Remainder again by Half, and then 3 half of than 
third Remainder taken and ſo on: I Tis plain, than 
by ſuppoſing rhe Ditriinuriof?' to be fniade an r N 
. titres nothing at laſt Wl Remain... 5.4 
This alſo: migfh be demonſtrated by a c Reden uf © | 
| Irpoſſible, by ſhewing that all thoſe infinite Tem 
© yo taken together, "renter he nee e than 


re un Hence xp" rhe- Dicalies ae by. ahi : 
ar Schoolinen againſt che (Infinite) Diviſibility of a 

0 Continuum be ſol ſolved, tho to Perfons Ignorant a 

to Seometrj they : Unſoleable: But: indeed ar 
4 1 are nothing: bur -tn6er Paralos — 
E, 1 165: 1fcwo-Brog teflidavart ſippoſed,- -6fie Coors! 9 of 


e trical inning wick 1: and the other Arithmeticat © | 
| beginning with o, ſo that the Terms in one ſhall-be 
Fot Placed oyer and IG Ws net ee te thoſe in the 
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other; eee ert. hs 
Exponents, (or Indexes) as in the mum 


©. I. 2. 3. 4. 5. 6. 7. 8. 
1. 2. 4-5. 26. ee iron 236. 'F « 


at which is produced i in  GeometricalPro- 
by Multiplication and Divifion, is effected 


in — — y Addition and Subſtraction: As, 


5 three Numbers given; 2. 8:: 64; You 


would find a fourth Proportional to them in Geome- 
trical Progreſſion: You muſt multiply 64. by 8 
(which are the two middle Terms) For the Product, 
512. ſnall be equal to the Product made by 2. and 
the fouth Number ſought, they being the two ex- 
treams of four Proportionals. And to Rnd this fourth 
Number, you need only divide 512 by 2, and the 
Quotient will be 256. So that 2..8 :* 64. 256. and 
64 and 256. will be juſt as far diſtant from one ano- 
ther in the order of the Progreſſion, as 2. and 8 are. 
But if inſtead of the Geometrical Numbers 2. 8 :: 
64. you had uſed their Logarithms 1. 3: : 6, Which 
Anſwer to them in the Progreſſion, and were minded 
to find a fourth Logarithm, then you muſt have ad- 
ded 3 and g which make 9, and from thence have 
Subſtracted 1, there would remain 8. The Loga- 
rithm anſwering to the Geometrick Number 256, 
18 So allo, if there be two Geometrick Numbers 
4 and 8, to which the Logarithms 2 and 3 do anſwer 
by multiplying 4 by 8 you produce 32; the Number 
under the Logarithm 5, which is the Sum of the Lo- 
Dane of 2 and 3. 


. In like manner by multiplying 16 by it ſelf, 
the will be produced 256 which ſtands under the 


Ds f ng 5, theSum = added to it ell. 


b a B+; 


20. 80 
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20. So if rhe Geometrical Number were required 


chat ſhall anſwer to or ſtand under the Logarithm 163 


you muſt take 256 which ſtands under 8, and multi- 


| ply ir by 3 and it will produce 65536 the Num 


r requir c. 
21. moreover the Camel Namber anſwer⸗ 


ing to the Logarithm 23 were required, you may 


take any:rwo Logarithms whoſe Sum is 23, as ſup- 
pu 7and 16 and multiplying the Geometrical Num» 

r under them, viz. 128 and 65536 one by another, 
the Product will be 3388608. The Number which 
oughr ro ſtand under the Logarithm 23, or in the 23 
place. of a. Series of Geamerrical Dropertineals begins 


ning from i. 


22. From hence appears che way of Anſweti wering . 
that ordinary Queſtion, how much a Horſe woul 
coſt, if bought on this Condition: That for the 
firſt Nail in his Shoe a Farthing were to be paid, for 


the ſecond Nail two Farthings, for the third Nail 
four Farthings, for the fourth Nail eight Farthings, - 
and ſo on, ſtill doubling for 24 times: For the 23d 


lace in ſuch a Progreſſion would be the laſt Num- 
ber 8388608 Farthings, which being reduced is 
3738 J. 25. 8 d. and being doubled 8 ro (8. 
14.) gives the whole price of the Horſe 17476 ʃ. 
55 44. 

23. Where two compleat Progreſſions are fitted ſo 
as to anſwer one to another, the Geometrieal to the 
Arichmerical; as ſuppoſe in Tables for that purpoſe 


Pet in Boke, there abundance of Pains and 


bour is ſpared, in ſinding the Geometrical Num- 
For Inſtance, ler thoſe three Numbers 32. 64. 
1 "oy be given, and that a fourth Proportional were 


required: Inſtead of multiplying 64 by 128, and 
dividing the Product by 32 (which way is very tedi- 
dus in great Numbers): you need only take the Lo- 


* of the three bw a ks VIZ. 32. 647, | 
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8 the 2d and 3d together, Wy 
alan te che difference will be the 
— of the correſponding Goomerrick Number 
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But becnaſe i in ſuch a Geometrical 


all Numbers will not be found, 2 — th 


535 they have calculated two Progreſ- 
one of which, contains all Numbers 1. 2. 3. 4. 


fon 8, Sc. which ſeems. ro be an Arithmetical 


6.7. 


And the. other which contains 
_—_ ou Irregular, is never 
— See here a 


3 ane ies 
2 a true Arithmetical P 


Line, ee, Per 
Fies, 


hene D the Properties of 
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25. Let the Right-line AE be aide, into the 


— Pars AB B C, CD, DE, Ge. from h 


Poists A, B, C, D, E, Ge. let the Lines A 4, Bb, Ce. 5 
Ee, be drawn. all ( Perpendicular wo A E and 
222 ) Parallel to one another: And let them 
be all in a Geometrical Progreſſion: A WE hy Tor” 


x 


on] 
** 4 % 


* — 
0 * 0 
nete tees eee eee 
7 = 
bs f 1 N . WS. 
- —— 4 | 


A» \ . a - "" * * 
2 „deen ic ; 


%%% e eee 
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q * 19 

1 0 11 
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vl 5. 00 e ait 2 EN t 


x 4 15006, 2 Then Mall v we 1 L bo Nera IE 
ons of Lines, the one Arithmericaland'the other Ges 
merrical: For thi Lines A B, A'C, K P, A E, ate == 


in Arithtnetical Progreſſion, or as 5 . 2. 3. r. 
and ſo do Fr teſent the e to ha the 
Coen Lines A te. do. e | 


| EEC 4 2 
r 3 * i. 4 5 1 4 ” * ” * N G 3 *. " 
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5 26. Let . ae. —_—— ED, Dc. CB, 
Sec. be divided e an F. G. H, and let the 
be 70s. &c. be drawn, and be mean Pro- 

between the Collateral ones; that is, E e: 

77555 FF 4 :D d. Gg, Let there alſo be more mean 
Proportionals drawn from che middle of each Sub- 

diviſion EF, F D, DG, and ſo on, till theſe Paral- 

lel Lines growing very numerous, have at laſt but a 

very ſmall diſtance from each other; ; then imagine 

Curve Line drawn, thro all the Extremities of theſe 
Parallels as eofdg h a: by this means you will gain 

2 Line, whole properties are very conſiderable, and 

- uſes equally great, as ſhall be ſhewn i in its Proper. 

lace. 


27, If this Figure were drawn on a very large 
Table and with all requiſite Exactneſs; each part 
AB, B C, &c. might be divided not only into an 
100 or 1000, but even into 10000, 1 00000 | equal 
Parts and more. So that AB being 1000000, A C 
would be 2000000, AD 3oooooo, Be. as myſt al- ä 
ways be an Arithmetical Progreſſion. 
28. The Line Ee being ſuppoſed to conrginA' 000 
Parts; ler us imagine thro' each of thoſe \Diviſions 
à Parallel to be drawn to the Line AE cutting the 
Curve in ſo many Points, v. gr. Let the Line 7 0 be 
drawn thro the Diviſion 9900 of the Line Ee and 
which cuts the Curve in the Point o. Let there be 
alſo ſuppoſed the Parallel (to E e) O o, cutting the 
Line AE in the Diviſion 399563. Then any one 
may know that 399563 is the Logarichm of the 
Number 9000. In like manner if S paſſed thro” 
the Diviſion 9000 of the Line E e, and the Line av. 
were drawun cutting A E in 393424) then would that 
Line uv be the Logarithm of 9000, Ge. 
209. So that by this means a Table of Logarirhms | 
from 1 to 10, oo may eaſily be made; and far- 
jo by producing rhe Line A E. 
| 20, Note, 


30. Note, to obtain all the Logarithms from 1 to 
19000 z- twill be enough to ſeek the Logarithms 


from 1000 to 10000 ; That is (having drawn the Pa» 
rallel 4+) to take rhe Logarithms of all the Diviſions 


from : to e, which Logarithms are all contained be- 
tween E and D. For by this you will have the Lo- 
garichms of all the Parts that are between : and E 
and whoſe Logarithms lie between D and A: Fer 
Example, ſince Oo is 9900 Parts, and its Logarithm 
399563, the ſame Number may be taken for the Lo- 
arithm of 990 which is N 2; as alſo of the Num- 
ng Y 5.99, changing only the firſt Figure 3. Becauſe 
according to the compoſition of this Line ON or 
NV ought to be equal to ED or DC, as one may 
eaſily Prove. So that ON or N will contain 
100, eoo and becauſe A O is 399563, ſubſtracti 
ON 100, ooo, there will remain 299563 for AN, 
from whence alſo taking 100, ooo, there will reſt 


199563 for AY. And aſter the ſame manner, haz 


ving AY 3995424 forthe Logarirhm of V u which 
is 900; yo may have allo 095424 for the Loga - 


rithm of X x which is 9. Or 195424 for the Lo- 
gnrith of go, or 29524 for the Logarichm of goo. 


31. All this may be reduced to Practice for Cal- 
culation, without actually drawing theſe Figures, 
bur only Imagining them to be drawn. For by the 
Rules of Common Arithmerick we may find out F, 


the mean Proportional between Dd and Ee, and after 
that, another Mean between Dd and FF, or be- 


tween Ff and Ee, &c, But what we have here ex- 
plained is ſufficient to gain as much Knowledge as is 


neceſſary for us to have of the Nature and Compo- 


ſirion of Logarithms: There being no need for us to 
undergo the Labour of Calculating Tables of Loga- 
rithms; 2 already ſo well and ſo often done to 
our Hands. God, for the Publick Good, having 
raiſed ſome Perſons, whom he was pleaſed to endow 


with ſufficient Patience ro ſurmount fo redious and 
| ; 5 W 74 | nn f 75 8 : 25885 8 Hab ious MY 7 
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laborious a Work, as one would think to * _ 


A indefarigable — and Afſiduity. 
”ardi© ſpoakithere a little Covertly, ſeeming willin 
to Infolitiate hs this moſt uſeful and admirable Wor 
wits Ane firſt in his own Country, whereas the Logarithms 
were the Invention of my Lord Neper a Scotch Baron, 


Aud the firſt Tables were calculated by: 1 _ the 


Aſſiſtance of our Countryman Mr. Henry 
Of late ſeveral Improvements have Na D this 
Matter: As by Nicholas Mercator,” of which. ſte Dr, 
alis Thoughts in Philoſoph. Tran anti. 38. John 
Gregory hath given us 4 way to find Ligars thts to 25 
Places by belp of the Hyperbola, But Captain Halley 
zn Philo. Tranſact. Ns. 216. ſhews a way from the 
| bare Conſideration of Numbers, and withal 75505 help 
of Mr. Newton's Way to find the Unciz ef the Num-. 
al Power, &c. By which you may find 
bomipendiolſly the Legarithms of all Numbers te above 
30 places. And he | ph ſeveral ſeries for this pur- 
e, ſome Univerſa 


und 0 
For Lage patrons 


1983-3. 
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1565 ELEMENTS 
2 To Divide a Circle into four and into 6, and all 
Arks into two equal Parts, To divide it into four Parts 
PET draw two Lines as dac and B ac 
at Right-Angles to each other, To 
divide it into eight Parts; Biſſect 
che four Arks Bc. ce, &c. which 
is done by ſtriking (without the 
Ark B c) two other Arks, with the 
ſame opening from the Points B 
and C, for if a Line be drawn, 
from rhe Point where thoſe Arks croſs each other, to 
the Center 4, it ſhall Biſſect the Ark B C. The like 


v ; 


is to be done for the other Ark. I 
Io divide a Circle into fix equal Parts; you need 
only take che Length of the Radius: and applying 
it fax times about the Circle, it will eactly divide 
the Circumference into fix equal Parts, and thus by 
a new Biſſection, may. a Circle be divided into 12, 
24, 48, or into any Number of equal Parts, &c. 

3. To divide a Circle into five, into fifteen, and into 
ether Equal Paris. This may be done thus; (as I 
demonſtrate in Algebra). Make a Rectangle Trian- 
gi one of whoſe Legs ſhall be the Radius of the 

ircle_and . the other half the Radius. From the. 
Hypothenuſe of this Triangle, take half the Radius 
the remainder ſhall be the Chord of 36 deg. and 
' the fide of a Decagon. Double that Ark, you have 
the Ark of 72 dep. (whoſe Chord ij the fide of a Pen- 
tagon) and ir is the fifth part of the Circumference ; 
and the ſaid Chord ſhall be alſo the Hypothenuſe of 
2 Rectangle Triangle, one of whoſe fides is the Ra- 

dius and the other the fide of Decagon. And as by the 
laſt was found the Chord of 60 deg. ſo by fubſtract- 
ing the Chord of 36 dep. from 60 deg. youmay have the 
Chordof 244%; which is the 1 5th part of the Circum- 
ference. But for Practice, rhe ſnorteſt and ſureſt way, 


is by repeated Trials with the Compaſſes to find a 


« 
_ 


% 


„ ˙ Ä 
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Diftance chat will o preciſely five times abour che 


Circle: Then divi e, after the ſame manner Oy 


| Tryals) that diſtance i into three 61305 ages exactly So 


ſliall you gain a Chord that wil Ji the Circum- 
ference into 15 equal Parts, and then dividing each 
of thoſe 15 Chords into four equal Parts, and each 
of thoſe into ſix; you will divide the whole Circum 


ference into 360 deg. And this Diviſion is moſt 
Commodious for Practice and Uſe. Note, that the 


way to divide a Circle into 3, 3, 7, or into any o- 
ther odd Number of Parts is not yet found Geome- 


rrically ; Geometrically I 8 that 25550 by making ; 
Ule.only of a ſtrair Line a 


This Diviſion of a Circle i — 3 deg. | is very 


4 uſefull, when a Perſon ae en how do ale the 


* Compaſſes of Proportion (or 
« Sector.) Tis ſo called be- 
5 © cauſe es oof 1 8 | 
es with broa 4 
cc ys 4 C. — 9 Ws x4 
«© deſcribed divers Lines and 
* Divifions but thoſe which. 


« are moſt in uſe, are of two forrs.On one fide irn 


*; Sector, and on each Leg, is a Line 2 e B and 


©: 42 C, which ſerves to divide a Circle into 360 deg. 
1 at once, and alſo to take at any time as many De- 
15 e pleaſe. And this Line on the. 


4 is thus divided. 


4. To divide and Free the gedter, that it 2 


ſerve for the Diviſion F a Circle. Imagine a Semi- 3 
cirde «ED B accurately divided into 180 deg. if 


then from the Point a, as from a Center, you trans- 


r the Semicircle into a Line 4 B. 


19 7 If from E, 60 deg. you draw the Ark Ee, 
if from D 90 dep. in the Semicircle, you draw 
the Ark Dd, &c. Then ought 60 deg. on that 


of the Sector, ro be placed at the Point G, 20 5 


= 


% EI ABR NT 2. 


deg. at the Point d, Ge. And if you hh ” 
ſame Degrees aſter the ſame manner into che other 


9 


Leg G you will graduate the Lines à B and 4 C (on 


the Sectot) as they ought to be for tiris Purpoſe, ond 
they "wil be two ſimilar” Lines of Chord. 
5. To explain the Dſe of the Seftor os far id i it woe 


for the Diviſic fon A Circle. Let there be à Circle 
give B rake with your Compaſſes the Radius A 


ty (Keeping that Diſtance) ſer onę Foor' of them iff 
e 5 on one Leg of the Sector ; move che o- 
ther cher Leg ot Fihe Sector to and frp {6 hg, kill rhe other 


the Compa aſſes falls exxMs one or 33 
in that Leg e n the Sector 7 80 His 


{tan be exactly equal to the hh Pons 7 


Ther if yd would bat readily "96 ' degrees" of 
that Circle; (Letting the Settor G "Pill, ant d. 


ways keeping the ſame Angle). Open ve onr * Compalſes 


till. the Points fall exactly On 4 41 or 98 ae; 
on eacfi Side ofthe Sector: And then that Diſtance 
transferred intꝭ the Circle, inf, 85 gives your | the 


Ark of 90 dep. f. g. So alfa if you would "oF 


had. 35 deg. You, need only apply ro — es 
0.35 deg. and 35 deg. on each Leg of or 
in che Lines (of Chords) a B and 4 G, * that di- 
e into the Circle, ſhall cut off che 


5 dep. and thus may you proceed to find a- . 


: AN u 2 All which is grounded on 
the 42, 43, 49. and 50 Propoſitions of the VI Book. 


Por nee all Circles are Fmilar Figures, (5 3e he | 
Chow'fe will be to the Radits f A:: as the Chord. 
24 to the 


Radius ce; that is, as a4 iv to de Now 


ch Ke From what hath been pfoved elſewhere, har 
add and a ee are fimilar; and therefore 


EN 


12 8 24 4 . But dd is by the Comſtruction 
ee Af. wherefote fg Eft: Om. 
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Will ſerve to divide any Line gi- 
Parts; As for — Jer the - 


| Line cb in 
them a 


F; ſo ſhall YF be juſt 3+ of the whole Line : As. 
is plain from the Te 


ol 30 deg. From che Point . 

d as from Center ſtrike e 
the Ark Fe, Len wich be bribe ecke nn | 
wiſe, 36 deg. from e to ; then thro” F draw che 1 
Line 4 f. 6 gt <A HO ac will make an Anz 2 

. eee 
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6. To 1 divide he Line of Equal Pant Linedonithe 


7 geber, for the Diviſion of any NMgbt-lines given. There 
being rwo-Right-lines/drawn from the er of the 


Sector on the Legs as 4 B and a C: Let each be di- 
vided into 106 os 2bo. equal Parts: wp meow 


£ tho 


ven into any Nu oe! of qual. 


Line given be c b, and that you 


were required to take parts of 
it. Now ro divide the whole 


IF 5411 TER 


9% equal Parts, and gt we 2% 


ding rd the common : way 
Lines, would be very tedious: Bur fg the Sedhcr. 


tis done eaſily and ſpeedily thus, take the length of 
the whole Eine c b in yout Compaſſes and fir, or ap- 


1 Bax in your Sector between 97 and 97 in each 


from B, ſuppoſe to C. Then letting the Sector 


lie Se at that Angle, rake in your Compaſſes, the 


diſtance between 25 and 25 in each Leg, or between 
e and e which transfer into the given Line from i to 


iangles AB C and Nee being 
Similar. 


7. On a Line given fo make an angle that Rare. 
tain any Number Degrees 


aſ iu d. Let the Line nM e ee Iv 15 1 
ven be ge, oh which tis „„ 


required m make an Angle 


8 UW : « * 6. Fa 
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26 ELEMENTS ⁵ðͤ N 
8. Having the Angles of any Triangle aud ume fide 
given . Su ola ones ar | 
there is a certain Triangle ſome 9 Baſe _ 
AC is 10 Fathom ; and that the two Angles at the 
Baſe are A CB. 150 deg. and C AB 20 deg. (and 
conſequently the remaining Angle at the Vertex or 
Top muſt be 10 deg. for the Sum of 1 50, 20 and 10, 
is juſt 180 deg. which is two Right Angles). You are 
uired to tell how many Fathom there are in the 
other fides A B and AC. Make on Paper, or rather 
on fine Paſtboard, a Triangle @ b e Similar to the 
propos d one aſter this manner. Take a Baſe at 
pleaſure à c, and from any Scale of equal Parts let it 


®s 
ku”. i... 
% » 


Bs 
WW * 
\ 


mA 
— 


be 10 Inches halfInches, Sc. in Length. On rhis Line 
4c make two Angles,one cab of 20 deg. and the other 
⁊ C bof 150 (9. 7). Then will the rwo Lines ac and 


e b croſs one another when produced in the Point b. 

Then meaſure (on the ſame Scale you took the Baſea c | 
from) how many Inches, &c. the Lines a h and e bare | 
in Length; And you may be aſſured that there are y 
juſt ſomany Farhom in the Lines A B and C B ſought, | 
as you find Inches, &c. or any equal Parts, in che 
Lines 4 b and cb. For ſince the Triangles are Egui- 

| 87 >" hg Similar, and therefore 4 c. ab:: 

3 A AB, c | ; g > 


Book IX. Of GromeTRY. 1 

9. To meaſure Diſtances, Heights, Depths, and in 

general the Dimenſions and Magnitudes of al Remite + 
— aud Inacceſſible Places. If on the top of any Hill ap- 
| pearing at a diſtance; there were a. Lower as B E and 
its diſtance from us and irs Height were required: 
You muſt firſt with ſome Inſtrument (as with a 

Quadrant, that is the fourth part of a Circle divided 
into 90 deg, and furniſh'd with a Ruler, or Label 

with Sights, and moveable on the Center) you muſt _ 

I ſay with ſome ſuch Inſtrument, take two Angles at 
two ſeveral Stations in this manner: If you are in 
the Station A, place your Inſtrument ſo, that one 
fide of it may anſwer exactly ro the Horizontal Line 
AD; and keep it without raiſing or depreſſing it 
in this Poſſtion. Then place your Eye at A, (that 
is at the Center of the Inſtrument), and turn the La- 
bel till it Point to the Top of the Tower B, and that 


; 

r 

| — | 
4 looking through the Sights you, can ſee the top ol the 
e Totyes exactly; then will the Label cut in the Limb 
e of the Quadrant the Degrees of the Angle B A D, 
5 for the Limb is ſuppos'd ro be graduated for this pur⸗ 
e ſe: Then change your Station, moving in a Right. 
ne forwards 10 Fathom, (or it might have been any 

: other Diſtance, and backward as well as. forward) 
„ $6 40d there ke tenth lame aeg th 1 5 

3 of „ Pte GG. 
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e BOD: By which means you will have all the 
| 258 B C A, becauſe thoſe two together make 180 


F. two Right ght ones.. So thar in the Triangle 
x * 
10 Fathom, and 4 


M 


you have now found the Baſe A C which is 


DB qr the diſtance A D, if you make a little Tri- 


angle Similar to that, and there from the Point b let 
fall a Perpendicular b d to the Baſe Line A C con- 
rinued to d. For BD or AD will be juſt as many 
Fathoms as bd and ad will be equal Parts meaſur'd on 


Scale, (as in the laſt.) And if after you have thus 


gain d the Height B D, you find, by the ſame me- 

js the Height E D, alſo, you may (by Sulſtracting 
tb Altitude row: the Former) find the e of the, 

Tower E B, 


£35 I, A #+. 4H 'vÞ 4 


i B. (The common Quadrant with-a String and 


Plummet, and with the Sights ft on one of its 


if des, is more convenient and ready than this of 
þ Pardies, which u now out of Uſe). 


« 8 times inſtead of advancing towards the 


Tower, and of making Obſervations oFthe Height 


« below ; or of thoſe Angles the viſual Rays make 


with the Horizontal Line, it is convenient to take 
2 two Stations ſide ways of each other; But it comes 
all to the ſame, and the Practices in reality are not 


6& At all different. 
And by this means, as any one may ſee, may. 


4 «Dh im Nag de Heights and D ſtances and other 
imenſions be raken; provided we can but come 


4 860 obſerve their Extremities, from two different 


4 * Places, I ſhall not ſtay now to defcribe the Par- 
| 7 Fares of doing this ; nor to enumerate the 
#5 Ad wan e t would ts” 20 . 


« 139 
* 


* 
* 
* 


0 11 0 two Angles at the Baſe; 
and conſequently the. ſides CB and A B may be 


known (9. 18). And then you may have the Height 
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„ B E to be 67, and 


_ drawn on Paper a | 
divided i 10 Lass Salle by 


- the Triangle a be every Nr Similar to qhe T 


- linto Degrees, together 55 irs Tabel (with Si OT 
on” bſtrum = ac A, 1 


4 
#\ 
- 4 


«, of Teleſaopial, Sl > fixr-on the Ine eee 


vention of ineſtimable B 


10. To 1 the Plane of any Bla” Fon 11 DR 


ed to take the Plane, and to. make a Draught ofeit. 


Tanke all the Length of its ſides, and of Lines drawn 
from Angle to Angle: And transfer all theſe upon 
5 er laying them down according to their true 


rtion For Inſtance, having. found AB to me 
Jo Pic BC robe 39, OD. | 
5 A 


3 


: 


AE 49, &c. and having ready 


Make the Line 1 . 
Parts; b e, 67; and ae, 49, | 
then thoſe Lines drawn 2 join 4 W wil — 


AB E. And if you go on thus and make the 


e ev E C, Ge. „„ 


Figure abc de every way Similar to che Plane af 
the Place A BC PE. 

11. But if you cannot get into the Place ob Sure, 
it, and to Meaſure the diſtance between the Angles 
E B and EC, you muſt take the Pak No hogs 
the Plane, 4 d transfer them into your Draught z 5 
that if the Angle BA E be 65 deg. the he Angie. b 46. 

mit all be 66 deg. and ſo of all the 
12. To. make A draught of . any. 9255 2 8 LY 
cend up ãnto any two FN laces, from w 
bay can plainly ſee the Ciry or Country whoſe De 
e you would make. And having with Fog 2 
adrant, whole Circle, r Semicircle well di 


aud its F FA * 


4 Gde of the 1 uſed in taking Ang [e's Ns 
10 „ which wr is an a 


. * 


be a City, or any other Place, and you were requir- 


3 
ay, 


—U—U f 2 — — 4 A. „ 
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dd chat one ee ler way M h T E 
72 wk on, and the . 
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wt 


| 8 bo all other NN hab da as 8 D yl 
rs and take cheir Angles with the Label and Sights, 
and write them all down” ro help your Memory. 
Thus, ö 30 min. the 
Auge D AB 45 dig. 8 min, &c. Proceed after the 
„ - Ge manner” at the Station B; ' noting down the 
. Angle A B C ro be 40 deg eg. 10 * the An; le ABN 
3 on, 5 29 min. Sc. After which draw on Pa N 
Line ar Pleaſure as 4 b and make at each end of 
Angles equal to thoſe which you ſound e « þ rape 
CAB, 4% equal to BAB. and «be equalis ABC, 
. and by means you will have the Points 5 & 
5 Lande 82. Which wilt be in the fame Poſttion' to 
ode another as the Steeples, or other eminent Places 
$7 -CDE.& are, And thus having drawn the moſt 
3 Conſph and Principal Places the reſt may eaſil 
Feen by the Eye. But to make this Operation 
E Lag eve a tis convenient to tak rhe 1 rs ar 
on CE new third and then if they ED 
153 . 7 <= | bs gs: 25 Þ F 


